GENERALIZED TILTING THEORY 



3 



PEDRO NICOLAS AND MANUEL SAORIN 



Contents 



1. Introduction 

2. Notation and terminology 

3. Basics of categories 
3.1. Localizations 

3.3. Generalities about triangulated categories 
3.23. (Co)reflective objects 

4. The derived category of a dg category 

4.1. Basic definitions 

4.2. Structured Horn-spaces 

4.5. Triangulated categories associated to a dg category 

4.5.1. The category up to homotopy 

4.5.2. The unbounded derived category 

4.5.3. Unbounded resolutions 
4.6.1. The perfect derived category 
4.7. Derived functors 

5. Adjunctions 

6. Results for dg categories 

7. Results for ordinary algebras 

7.1. The thick subcategory generated by an exceptional module 
7.7. Consequences of the results on dg categories 
7.15. Hereditary case 

7.20. Study of some natural families of modules 
References 



1 

2 
3 
3 
4 
10 
10 
1C 

11 
11 
11 

12 

13 
15 
27 
37 
37 
4C 
43 
48 
55 



1. Introduction 

A (classical) tilting module (see §|2j) is the kind of module which appears realizing 
tilting equivalences between two rings (see [20) and [8]). After Happel |17j . Rickard 
[54] and Keller [TS] , we know that if A is an ordinary algebra, T is a right A- module 
and B = EncU(T), then the following three conditions are equivalent: 

1) T is a classical tilting A- module, 

2) the functor ? <g)jj T : DB -> VA is an equivalence of categories, 

3) the functor RHom^T, ?) : DA —> DB is an equivalence of categories, 
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where VR denote the (unbounded) derived category of the algebra R. 

It seems natural to weaken conditions 2 and 3 above, by requiring only that the 
respective functors are fully faithful, and try to see what should be the substitute of 
condition 1. Another natural question arises also, namely, the connection of these 
fully faithful hypotheses with the concept of (infinitely generated) tilting module 
(see Definition 12.11 and Remark I2.2[) which has a long history. A recent result by 
Bazzoni-Mantese-Tonolo [3] points in this direction and shows that the so-called 
good tilting modules (see Definition 12. ip provide an example where the functors 
RHorru(T, ?) : VA -> VB and T®\l : V(A°v) -> V(B op ) are fully faithful. 

In the present work we tackle the above questions in a much more general setting 
(see §[6]). We consider the situation where A and B are small dg categories and T 
is a dg ,8-.4-bimodule and study necessary and sufficient conditions for each of the 
canonical total derived functors 

? (gig T : VB — > VA and RHorru(T, ?) : VA -> VB 

to be fully faithful. When applied to ordinary algebras, our results show non- 
tilting situations where the fully faithful condition holds (see §[7]). We also use our 
results to study rccollemcnt situations and its connection with recent results in this 
direction by Yang gU] and Chen-Xi [51 [TU]. 

We use sections [3] [4] and [5] both to fix notation and to introduce the non expert 
readers in the subject. 

2. Notation and terminology 

Concerning set-theoretical technicalities we follow the example of [HI §11.1.3], 
PI §1.1], PJ], [IS], [31],... based on Grothendieck's viewpoint [33]. We add the 
following axiom to ZFC: 

Universe axiom: Every set is an element of a universe. 

A universe is a set closed under all possible operations on abstract sets (see a 
definition in [35] or [E]). After adding the universe axiom to ZFC, we fix a universe 
U 'big enough' (i.e. containing all the rings considered, etc.: it turns out that this 
universe will be a model of ZFC). We say that a set S is small if S € U. For us, if 
C is a category, then its objects form a set, and each morphism space Home(M, N) 
is a small set. We then say that a category C is small if its objects form a small 
set. We speak of small products/coproducts when we form the product/coproduct 
of a small set of objects. 

Let C be an additive category and let S be a set of objects of C. Then: 

• addc(S) (or add (<S), if the C is understood) denotes the full subcategory of 
C formed by direct summands of finite coproducts of objects of S. When 
S has only one element M we write addc(A^) instead of addc({M}). 

• Addc(S) (or Add (5), if the C is understood) denotes the full subcategory of 
C formed by direct summands of small coproducts of objects of S . When 
S has only one element M we write Adde(M) instead of Addc({A/}). 

• S is the full subcategory of C formed by those objects M such that 
Hom c (5, M) = for each S G S. 

• <S is the full subcategory of C formed by those objects M such that 
Home (A/, S) = for each S G S. 
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Given a triangulated category, a full triangulated subcategory is a full subcategory 
closed under shifts and extensions. Let V be a triangulated category and let S be 
a set of objects of C. Then: 

• triax>(S) (or tria(S), if the T> is understood) is the smallest full triangulated 
subcategory of T> containing S. When S has only one element M we write 
triax>(M) instead of tr\z v {{M}). 

• Triax>(iS) (or Tria(6>), if the T> is understood) is the smallest full subcategory 
of T> containing S and closed under small coproducts. When S has only 
one element M we write Triap(M) instead of Triax>({M}). 

• thick£>(<S) (or thick(5), if the D is understood) is the smallest full subcat- 
egory of T> containing S and closed under direct summands. When S has 
only one element M we write thick-p(M) instead of thickx>({A/}). 

We will always assume there is a fixed ground ring k (commutative, associative, 
with identity) and that our categories are fc-linear. We will also assume that the 
tensor product A ® B of two dg categories A and B is made over k. The exis- 
tence of such a ring is important for example in Proposition l5.16] Proposition [5241 
Theorem 16. 4[ . . . where we assume certain dg categories satisfy certain properties 
relative to k. 

Definition 2.1. Let A be an ordinary algebra, and let T be a right A-modulc. 
Consider the following conditions: 

a) There is an exact sequence —> P n — > P n _i — > . . . —> Pi —> Po —> T —> in 
Mod A where the modules P, are projective. 

a') There is an exact sequence — > P n — > P n _i — >• . . . —> Pi — >• Po —> T —> in 
Mod A where the modules Pi are finitely generated projective. 

b) There is an exact sequence -> A -> T° -> T 1 -> . . . -> T ro -> in Mod A 
where the modules T l are in Add(T). 

b') There is an exact sequence 0^A^T°^T 1 ^...^ T m -> in Mod A 
where the modules T l are in add(T). 

c) Ext^(T, T^) = for each i > and each cardinal a. 

We say that T is an n-tilting module if it satisfies a), b) and c). We say that it is 
a classical n-tilting module if it satisfies a'), b) and c). We say that T is a good 
n-tilting module if it satisfies a), b') and c). We say that a module is tilting (resp. 
classical tilting, good tilting) if it is n-tilting (resp. classical n-tilting, good n-tilting) 
for some n > 1. 

Remark 2.2. To emphasize the fact that a tilting module is not classical, some- 
times the literature speak of an infinitely generated tilting module. 

3. Basics of categories 
3.1. Localizations. Recall Proposition 1.1.3. of [15] : 
Proposition 3.2. Let 

V 
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be an adjoint pair of functors between arbitrary categories, and let S be the set of 
morphisms u of C such that L(u) is an isomorphism. The following conditions are 
equivalent: 

1) R is fully faithful. 

2) The counit of the adjunction is an isomorphism of functors. 

3) The functor C [<5 _1 ] — > T> induced by L is an equivalence. 

3.3. Generalities about triangulated categories. The following notion comes 
from Algebraic Topology: 

Definition 3.4. Let I? be a triangulated category. A localization of I? is a triple 
(L,a,r]) where (L,a) is a triangle endofunctor of T> and r\ : 1 — > L is a natural 
transformation such that: 

a) Lr\ : L — > L? is an isomorphism, 

b) L-q = r)L, 

c) r\ commutes with the shift functor, i.e. for each M £ T> the following 
diagram is commutative: 



The localization is said to be smashing if L preserves small coproducts. A full 
subcategory A" of I? is said to be smashing if it is the kernel of a smashing localization 
functor of V. A full subcategory Z of V is said to be co-smashing if it becomes 
a smashing subcategory when regarded inside the opposite triangulated category 

pop 

Remark 3.5. Let T> be a triangulated category with small coproducts. One can 
prove (see Proposition 4.4.3]) that a full triangulated subcategory X of T> is 
smashing if and only if the inclusion functor X — > T> admits a right adjoint which 
preserves small coproducts. Dually, if I? is a triangulated category with small 
products, then a full triangulated subcategory Z of T> is co-smashing if and only if 
the inclusion functor Z — > T> admits a left adjoint which preserves small products. 

The following notion comes from Algebraic Geometry: 

Definition 3.6. A (2-steps) semi- orthogonal decomposition of a triangulated cat- 
egory I? is a pair (X,y) of strictly full triangulated subcategories of V such that: 

(1) Hom v {X,y) = 0, 

(2) V = X.mv{Xuy). 

The following lemma characterizes the second condition in the former definition: 

Lemma 3.7. Let T> be a triangulated category and let (X, y) be a pair of strictly 
full triangulated subcategories of T> such that Y\om-D{X,y) = 0. The following 
properties are equivalent: 

(1) V = tr\a T ,(Xuy). 

(2) For each M g D there exists a triangle 

X M —> Y —> Y,X 
of V with X e X andY ey. 



EM 



H(LM) 




L(EM) 
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(3) The inclusion x : X — > T> has a right adjoint (denoted tx )■ 

(4) The inclusion y : y — > T> has a left adjoint (denoted ). 

Remark 3.8. According to Beligiannis-Reiten [5], the terminology semi-orthogonal 
decomposition was introduced by Reiten-Van den Bergh in [33] to a concept intro- 
duced by Bondal-Kapranov in [6] . 

Inspired by a notion in Module Theory, we can define the following: 

Definition 3.9. A (triangulated) torsion torsionfree(=TTF) triple in a triangu- 
lated category V is a triple (X,y,Z) such that both (X,y) and (y,Z) are semi- 
orthogonal decompositions. 

The notion of 'recollement' was introduced by A. A. Beilinson, J. Bernstein and 
P. Deligne in their work [J] in Algebraic Analysis. 

Definition 3.10. Let T> , T>p and T>y be triangulated categories. Then I? is a 
recollement of Dp and T>u, diagrammatically expressed by 




if there exist six triangle functors which satisfies the following four conditions: 

Rl) = i\,v) and = are adjoint triples. 

R2) i-j* = (and thus j'ii = j*i Sf = and = 0). 

R3) i* , j\ and j* are full embeddings (and thus = i'i\ = lv F )- 

R4) For every object M of D there exist two triangles, 

ia-M -> M -> j*j*M -> (w ! M)[l] 

and 

j,j ! M -> M -> i*i*M -> (j,j ! M)[l], 

in which the morphisms i\i M — > M etc. are the corresponding adjunction 
morphisms. 

In this case we say that the data 

(T> F ,T>u,i*,U = '■■ '' -j\-f =j*,j*) 
is a decollement of T>. Two dccollcmcnts of T> 1 
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and 




are equivalent if 

(im(i»), im(j*), im(j,)) = (im«), im(j^), im(j,')), 

whore by im(t*) we mean the essential image of z„, and analogously with the other 
functors. 

Theorem 3.11. Let T> be a triangulated category with small coproducts. 

(1) The assignment 

L i y (ker(L), im(L)) = (ker(L), ker(L)- L ) 

underlies a bijection between localization functors and semi- orthogonal de- 
compositions. The inverse map sends (X, y) to the composition 

L : V - — y —-^ V. 

Under this bijection, smashing localizations correspond to semi- orthogonal 
decompositions (X,y) which fits into a TTF triple (X,y,Z). 

(2) The assignment 

(V Fl T>u,i*,i* = /■. '''../;../' =f,j*) >-> {j\(Pu), i*(PF),j*tPu)) 

yields a bijection between equivalence classes of decollements ofT> and TTF 
triples on T>. The inverse map takes the TTF triple (X,y,Z) to the class 
of the decollement 




Proof. (1) The fact that (ker(L), im(L)) is a semi-orthogonal decomposition can be 
found in implication (5) =>■ (4) of the proof of [29l Proposition 4.4.3]. 

The proof of the bijection between smashing localizations and TTF triples can 
be found in [251 Proposition 4.4.14]. 

(2) See Proposition 4.2.4 and Proposition 4.2.5 of [29] . ■yj 

Lemma 3.12. Let F : D — > T>' be a triangle functor between triangulated categories 
and suppose that F has a left adjoint L and a right adjoint R. Then L is fully 
faithful if, and only if, so is R. In such case, the triple (im(L), ker(F), im(i?)) is a 
triangulated TTF triple in T>. 



GENERALIZED TILTING THEORY 



7 



Proof. By the duality principle, it is enough to prove one of the implications. We 
assume that R is fully faithful. We denote by [i : lv — > FL (rcsp. A : Id — > RF) 
and e : LF —> lp (rcsp. S : FR —> l-p/) the unit and the counit of the adjunction 
(L,F) (rcsp. (F,R)). Due to the fully faithful condition of R, we know that 5 is 
an isomorphism. 

We need to prove that n(D') is an isomorphism, for each D 1 G V . This is 
equivalent to prove that n(F(D)) is an isomorphism, for each D G T>, because 5 
is an isomorphism and, therefore, each object of T>' is in the essential image of F. 
Using the adjunction identity F(e(D)) o fi(F(D)) = lp(D)i our task is reduced to 
check that F(e(D)) is an isomorphism, for each D G T>. 

Given D as above, we have a commutative diagram of morphisms of functors 

Homx>(£>, R{7)) -^-^ Hom v (LF(D), #(?)) — ^ Hom v ,(F{D), FR(?)) 

Hom-D/(F(D),?) Horn?)' (F(D), ?). 

Note that (5 A is an isomorphism since so is (5. It follows that e(D) v is an isomor- 
phism, for each D E V. We then complete to a triangle 

LF(D) e H ] D -> X -> ^LF(D) 

and get that Homx)(X, i?(?)) : P' — > Mod Z is the zero functor. By adjunction, it 
follows that Horr\T>'(F(X), ?) = 0, which is equivalent to say that F(Y, P X) = for 
each pgZ. This implies that F(e(D)) is an isomorphism, as desired. 

In order to prove that (im(I/), ker(F), im(i?)) is a triangulated TTF triple one 
just has to prove the existence of suitable triangles, since the vanishing conditions 
are pretty clear. To construct the triangles one has to use the unit and the counit 
of the adjunctions, the relations between them, and the fact that the unit (resp. 
the counit) is an isomorphism if (and only if) the left (resp. adjoint) is fully faithful 
(see Proposition 13.21 and its dual). 

Definition 3.13. An object M of a triangulated category T> is compact if the 
functor Hom£)(M, ?) : T> — > Mod Z commutes with small coproducts, i.e. if 
is a small family such that Yliei exists in T>, then the canonical morphism 

can : ]J Hom v (M, X,) -> Hom v (M, ]J X{) 

iei iei 

is an isomorphism. 

Definition 3.14. Let V be a triangulated category A nonempty set S of objects 
of P is a generating set for T> if the following holds: 

1) if an object D G T> satisfies Homx>(-D, S) = for each S G S, then D = 0. 
A generating set 5 is symmetric if there exists a nonempty set T of objects of 2? 
with the following property: 

2) for any morphism X — > Y the induced map Hom^S 1 , X) — > Homp(S', F) 
is surjective for every 5 € S if and only if Homi)(Y,T) — > HomupT, T) is 
injective for every T G 7". 

Definition 3.15. A triangulated category 2? is said to be compactly generated if it 
has small coproducts and a generating set formed by compact objects. 
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Remark 3.16. A compactly generated triangulated category has a set of symmet- 
ric generators (see |23|). 

Corollary 3.17. Let T> be a triangulated category with small coproducts and with 
a symmetric set of generators. The assignments X >— > X and Z >— > Z define 
mutually inverse bijections between: 

1) The set of (compactly generated) smashing subcategories ofT>. 

2) The set of (compactly generated) co-smashing subcategories ofT>. 

Proof. Let S and T be as in Definition 13.141 It is easy to check that S is a set of 
perfect generators for T> (see Definition 1 of [23]). Therefore, after [23l Theorem 
A], we know that any contravariant functor T> — » Mod Z sending triangles to exact 
sequences and sending small coproducts to small products is representable. One 
can use this to prove that V has small products, and so T> op has small coproducts. 
Note that T is a set of symmetric generators of T>° p . Therefore, we conclude that 
V° v has also a set of perfect generators. Now we can use [30l Corollary 2.4] to 
deduce the existence of a bijection between the sets formed by: 

- the smashing subcategories of T>, 

- the triangulated TTF triples on T> (which are precisely the triangulated 
TTF triples on £>°p), 

- the smashing subcategories of T> op . 

Moreover, when (X,y,Z) is a triangulated TTF triple, there is an equivalence 
of triangulated categories X ~ Z. Therefore the bijection restricts to a bijection 
between the smashing subcategories which are compactly generated when consid- 
ered as triangulated categories and the co-smashing subcategories which are also 
compactly generated when considered as triangulated categories. 

Lemma 3.18. Let T> be a triangulated category and let S be any set of objects of 
T>. For an object M ofT>, the following assertions are equivalent: 

1) M belongs to triax>(6>). 

2) There are triangles in T> 

M«_i -> Mi -> Si -> SMi_i , i = 1 , . . . , r 

such that 

a) Mq = So and Si , . . . , S r are such that T, ni Si G S, for some rii € Z. 

b) M r = M. 

Moreover, thicks (iS) consists of the direct summands of objects in triax>(<5>)- 

Proof. By definition triax>(<S) is the smallest full subcategory of V containing the 
zero object and closed under shifts and extensions. Then the equivalence of asser- 
tions 1) and 2) follows from [4j Example 1.3.11]. The description of the objects in 
thickx>(5) follows from Lemma 2.2.2]. s/ 

Corollary 3.19. Let F : T> — > X>' be a triangulated functor between triangulated 
categories and let S be any set of objects in T>. Then we have inclusions 

F(triax>(<S)) C triap^FS), 
F(thickx.(5)) C thickp/ (FS) 
and, when F preserves small coproducts, also 

F(Triax>(5) C Tria^(F<S). 
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Proof. The inclusions for tria and thick follow from Lemma [3.181 For the case of 
Tria, let S be the set of objects M of Triap(5) such that FM £ Tr\a?>i(FS). Put 
C = tria-p(iS). We have already proved that FC is contained in Triax>< (FS). It is 
clear that C contains S and is contained in Tr\ax>(S). It is not difficult to prove that 
C is closed under small coproducts. Indeed, if {Mj}j e / is a small set of objects of 
C, then F(U 7 Xi) ^ Ui F ( X i) G Tf\a v >(FS), and so Ui X i £ 5 which, of course, 
implies JJ 7 Xi £ C. Therefore, C = Triax>(iS). y/ 

Definition 3.20. If C\ , . . . , C n , C are categories, then a functor 

F : d x • • • x C n ->• C 
is called a n- functor. In case n = 2 it is called a bifunctor. 

Definition 3.21. Let (T>i, Si) , . . . , (£>„, £„) , (T>, S) be triangulated categories. 
A n-functor 

F:Di x ■■■x V„ -> 2? 

is said to be a triangle n-functor if it is a triangle functor in each variable. That 
is, for each index i £ {l,...,n} and each object (Mi, M,_i, Mi+i, M n ) of 
Pi x ■ ■ ■ x 2?i-i x T>i + i x • • • x X>„, there is a morphism of functors 

r, : F(Mi,...,M i _i,?,M i+l! ...,M„)oS i -> E o F(M X) M 4 _i, ?, M i+ i, M n ) 

such that the pair 

(F(Mi , M<_i , ?, Mi+i , M n ), r<) 

is a triangle functor from T>i to 2?. 

If F and G are triangle n-functors T>\ x • • ■ x X>„ — > T>. then a morphism of 
triangle n-functors 

f ■ F -t G 

is a morphism of 7i-functors such that, for each index i £ {1, . . . , n} and each object 
(Mi, ,..,Mj_i,Mi + i, ...,M n ) of 2?i x ••• x x 2? J+ i x ••• x 2?„, the induced 

morphism of functors 

/(M 1 ,..,M i _ 1 ,?,M i+1 ,...,M„) 
is a morphism of triangle functors. 

Corollary 3.22. Let D\ , ... , 2?„ , I? 6e triangulated categories and let 

F , G : Vi x ■ • • x V n ->• V 

be triangle n-functors. Let f : F — > G be a morphisms of triangle n-functors. 

1) For each index i £ {1, ...,n} and each object (Mi, Mj_i, Mj+i, M n ) 
o/X>i x ■ • ■xD i _ixD i+ i x • ■ ■ xD„, i/ie set C(Af I ,..,Af i _i,Ar <+ i,..,Ar„) of objects 
M of T>i for which /(Mi, Mj_i, M, Mj+i, M„) is an isomorphism is 
a thick subcategory of T>i . 

2) TTie set C o/ objects M of T>i for which the morphism of triangle (n — 1)- 
functors 

/(?, ?, M, ?, ?) : / <?. ?, M, ?, ?) -> G(?, ?, M, ?, ?) 
is an isomorphism, is a thick subcategory ofT>i. 
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Proof. The set of objets C is precisely the intersection of the sets 



C 



(Mi 



, Mi- 



Mi- 



when the (M 1; Mi_i,M i+1 , M n ) varies on T>i x • • • x 2?,_i x V i+ i x ■ ■ ■ x V n . 
Since the intersection of thick subcategories is again a thick subcategory, the proof 
is reduced to check that if / : F — s- G is a morphism of triangle functors V — > T> 
between triangulated categories, then the set C of objects M' of V for which 
f(M') : F(M') —> G(M') is an isomorphism, is a thick subcategory of V . Bearing 
in mind that the class C is clearly closed under taking direct summands and shifts, 
the result is a direct consequence of [27l Proposition 1.1.20]. 



3.23. (Co)reflective objects. Let 



M 



A' 



be an adjoint pair of functors between arbitrary categories, 
unit and by r the counit. 



We denote by a the 



Definition 3.24. We denote by Coref the full subcategory of A4 formed by the 
coreflective objetcs, i.e. those objects M such that the counit tm '■ LRM M is an 
isomorphism. We denote by Ref the full subcategory of Af formed by the reflective 
objects, i.e. those objects N such that the unit cr/v : N ^> RLN is an isomorphism. 

Lemma 3.25. 1) The functors L and R induce mutually quasi-inverse equiv- 

alences between Coref and Ref; 



^Coref 




^Ref 



2) R is fully faithful if and only if t is an isomorphism (i.e. Coref = A4). 

3) L is fully faithful if and only if a is an isomorphism (i.e. Ref = Af). 

Proof. 1) Use the well-known equations involving the unit and the counit of the 
adjunction. 

2)-3) See for instance [221 Lemma 1.2.1]. s/ 

Lemma 3.26. // M. and Af are triangulated categories and L and R are trian- 
gle functors, then Coref and Ref are thick subcategories, i.e. closed under shifts, 
extensions and direct summands. 



4. The derived category of a dg category 

4.1. Basic definitions. Let be a commutative, associative ring with identity. 
For the notions of dg category, opposite dg category, right dg module, left dg 
module and dg bimdule we refer to [TH [5T] . Given a dg category A, the category 
denoted by Dif A in [TH] is denoted by Cd g A in [5T] . We will follow the notation of 
this last article. 
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4.2. Structured Hom-spaces. If A and B are dg categories, T is a dg B-A- 
bimodule and M is a right dg .4-module, then the notation 

Hom CdgA (T,M) 

is meaningless, because T is not an object of Cd g A. Nevertheless, we use this kind 
of notation throughout the article, and we will explain here what do we mean with 
this. 

Lemma 4.3. Let A and B be dg categories, T a dg B-A-bimodule, N a left dg 
B-module and M a right dg A-module. Then: 

(1) We write Homc dg A(T, M) to denote the following right dg B-module: 

B°p -> C dg k , B i ^ Homc^ (T(?, B), M). 
It induces a covariant dg functor 

Homc^CT,?) :C dg A^C dg B. 

(2) We write Homc dg ^(M, T) to denote the following left dg B-module: 

B -> C dg k , B i ^ Hom CdgA (M, T(?, B)). 
It induces a contravariant dg functor 

Ho mCdgA (?,T):C dg A^C dg (B°P). 

(3) We write Y\orn Cdg ^a P ^{N,T) to denote the following right dg A-module: 

A op ^C dg k, A^Ho mCdg(B „ P) (N,T(A,7)). 
It induces a contravariant dg functor 

Hom Cdg ( B „ P) (7,T):C dg (B°n^C dg A. 

(4) We write Hom^ (gop^T 1 , N) to denote the left dg A-module: 

A^C dg k, A^Hom Cdg(BoP) (T(A,?),N). 

It induces a covariant dg functor 

Hora Cdg{B . P} (T,?):C dg (B o n^C dg (A o n- 

Remark 4.4. It is important to notice that for each A € A we have an isomorphism 
\-\omc dg A(A A , T) = T(A, ?) in C dg (B° p ) and for each B £ B we have an isomorphism 
Ho mCdgiBoP) (B\T)-T(?,B) in C dg A. 

4.5. Triangulated categories associated to a dg category. Let A be a dg 

category, and consider its associated dg category C dg A of right dg yl-modules. 

4.5.1. The category up to homotopy. Its corresponding category Z°(C dg A) of Oth- 
cocycles will be denoted by CA. The objects are again the right dg A-modules, and 
the morphisms arc morphisms / of C dg A homogeneous of degree and compatible 
with the differentials. It turns out that CA is a Frobenious category [19], where the 
conflations arc given by short exact sequences 

of right dg .4-modules, where / is a section in QA and g is a retraction in QA (see 
in j!8) the meaning of QA). In this situation, / is said to be an inflation and g is 
said to be a deflation. 
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The corresponding projective-injective modules are precisely the contractiblc 
ones. Hence, the associated stable category CA, which is triangulated, is the quo- 
tient of the additive category CA by the two-sided ideal formed by those morphisms 
factoring through a contractiblc module, or, in other words, those morphisms which 
are nuil-homotopic. This triangulated category will be denoted by HA, and it is 
said to be the category of right dg A-modules up to homotopy. 

4.5.2. The unbounded derived category. The full subcategory M of "HA formed by 
those modules which are acyclic is a triangulated subcategory. The corresponding 
triangle quotient (see [3HHH]), HA/N, is denoted by VA, and it is said to be the 
unbounded derived category of right dg A-modules. 

4.5.3. Unbounded resolutions. Let M be a right dg ,4-module such that 

Hom^(M,iV) = 

for any acyclic N. In this case M is said to be H-projective or homotopically 
projective. The full triangulated subcategory of HA formed by the "H-projective 
modules is denoted by H P A. 

Similarly, let M be a right dg ,4-modulc such that 

Hom UA (N,M) = 

for any acyclic N. In this case M is said to be H-injective or homotopically injective. 
The full triangulated subcategory of HA formed by the 'H-injective modules is 
denoted by HiA. 

For any module M G HA there are triangles (unique, up to a unique isomorphism 
extending the indentity in M), 

p A M A M -> a A M -> T,p A M 

and 

a' A M ->• M -4 i A M ->• Ea'^M, 

in HA such that p A M is ^-projective (is said to be the H-projective resolution 
of M), a A M and a' A M are acyclic and i A M is "H-injcctive (is said to be the H- 
injective resolution of M). 

Remark 4.6. Since aAf is acyclic, we can use the long exact sequence of homology 
to prove that both ir and i are quasi-isomorphisms. 

The map M >-> p A M underlies a functor 

p A : HA -> H P A 

which is right adjoint to the inclusion. This functor factors through the quotient 
q : HA — > T>A to give a triangle equivalence 

HA—^VA 



PA 




H p A 

Similarly, the map M i— > i A M underlies a functor 

\ A :HA^r HiA 
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which is left adjoint to the inclusion. This functor factors through the quotient 
q : HA — > T>A to give a triangle equivalence 

UA—^VA 
HiA 

As proved in |18j . any H-projective module in HA is isomorphic to a module P 
which admits a filtration 

= P_i ->■ P -> Pi ->• • • • P„-i -»■ P„ -»■ • ■ ■ -> P 

such that 

a) Each arrow P n _i — > P n is an inflation in CA. 

b) Each quotient P ra /P„_i is a small coproduct of shifts of copies of modules 
of the form A A , A e A. 

c) P is the colimit in CA of this filtration. 

4.6.1. The perfect derived category. The full subcategory per .4 oiT>A formed by 
those modules which are compact objects in T>A is said to be the perfect derived 
category of right dg A-modules. 

It is not difficult to prove that a module M is compact if and only if its ho- 
motopically projective resolution p^M can be taken to be a direct summand of a 
module P admiting a finite filtration 

= P-i -> P -> Pi -> . . . -> P„_i -> P„ = P 

such that 

a) Each arrow P n -i — > P n is an inflation in CA. 

b) Each quotient P„/P n _i is a finite coproduct of shifts of copies of modules 
of the form A A , A £ A. 

4.7. Derived functors. Let A and S be dg categories, and let T be a dg 
bimodule. As said in Lemma l4.3[ we have two covariant dg functors, 

Hom Cdg A(T, ?) : C dg A ->• C dg B 

and 

Hom Cds(B .P)(T, ?) : C dg {B°*) -+ C dg (A° P ), 
and two contravariant dg functors, 

Ho mCdg A(?,T):C dg A^C dg (B°v) 

and 

Hom Cdg(BoP) (?,T):C dg (B°n^C dg A. 
We can describe the triangles in the categories up to homotopy in terms of mapping 
cones. This is useful to check that the former functors preserves conflations, and so 
they induce triangle functors between the corresponding categories up to homotopy: 

Home dgA (T,?):HA^HB, 
Hom Cdg(e o P) (T,?):H(6°P)^H(^°P), 
Hom Cdg ^(?,r) :HA^H(B°n, 

and 

Hom Cdg(B o P) (?,T):H(S op )^HA 
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If T is arbitrary, then these functor need not preserve acyclic objects, and so they 
do not induce triangle functors between the corresponding derived categories. Nev- 
ertheless, we can use 'H-injective and ^-projective resolution to construct 'approx- 
imation' to those induced functors. Namely, we can consider the following compo- 
sitions: 

U Home A (T,?) 

RHorru(T, ?) : VA HA HB — U- VB, 

RHomgop (T, ?) : V{B op ) -^U- H(B op ) ^ H{A op ) — V{A op ), 

Hom c ^(?,T) 

RHom^(?, T) : VA -^->- UA H(B op ) — V(B°p), 

and 

Drop Hom C do (e°P)C?,r) _ 

RHom B = P (?, T) : V(B op ) H(B op ) ^ H(A) -2-*- VA. 

We use the notation 'RHom' to express that these functors between derived cat- 
egories are the right derived version of the corresponding functors between the 
categories up to homotopy (see for example [19] or [TT]). 

Starting with the bimodulc T, we can also define another two dg covariant func- 
tors (see [15]): 

7® B T: C dg B -> C dg A 

and 

T® A 1 :C dg {A op )^C dg {B op ). 

Remark 4.8. It is important to notice that for each B £ B we have an isomorphism 
£? A <£>bT = T(?, B) in C dg A and for each A £ A we have an isomorphism T^ A A y — 
T(A, ?) in C dg (B° p ). 

One can check that they preserve conflations, and so they induce triangle functors 
between the corresponding categories up to homotopy: 

? ®b T : TLB —> HA 

and 

T® A 1 : H{A op ) -> H(B op ). 

Again, these functors need not to preserve acyclic objects, but still we can use 
"H-projective resolutions to define functors between the corresponding derived cat- 
egories, 

?^T:VB—^HB ?8bT , nA-^VA 

and 

T®\7 : V{A op ) -^H(A op ) T ® A '' * H{B op ) — ^ V(B op ). 

We use the symbol 'L' to express the fact that these functors are the left derived 
version of the corresponding functors between the categories up to homotopy (see 
for example [19] or [llj). 
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5. Adjunctions 

These six functors between derived categories are organized in three couples of 
adjoint functors: 



VA V(B op ) {VA) op 



RHom^(T,?) 



RHom B °p(T,?) RHom B o P (?,T) 



RHom^(?,T) 



VB, V(A op ), V(B op ). 

Lemma 5.1. Each of the six functors in the adjunctions above is isomorphic to 
the one-sided part of a triangle bifunctor. Precisely: 

1) There exists a triangle bifunctor Fx> '■ VB x V(B op <S> A) — > VA such that 
i 7 x>(?, T) is isomorphic to the triangle functor ? <E)^ T : DA — > VA. 

2) There exists a triangle bifunctor F-p : V(B op <8> A) X VA —t VB such that 
Fd(T, ?) is isomorphic to the triangle functor RHom^T, ?) : T>A — > VB. 

3) There exists a triangle bifunctor F v : V(B op x A) x V(A op ) V{B op ) 
such that F-r>(T, ?) is isomorphic to the triangle functor T£S>^? : V(A op ) — > 
V(B op ). 

4) There exists a triangle bifunctor F v : V(B op x A) x V(B op ) -> V(A op ) 
such that Ft>{T,?) is isomorphic to the triangle functor RHomgo P (T, ?) : 
V(B op ) -> V(A op ). 

5) There exists a triangle bifunctor F v : V(B op ) x V(B op x A) -> {VA) op 
such that Fx>{T, ?) is isomorphic to the triangle functor RHomgop(?,T) : 
V(B op ) -> (VA) op . 

6) There exists a triangle bifunctor F v : (VA) op x V(B op x A) -> 2?(S op ) sucft 
&<rf Fx>{T,l) is isomorphic to the triangle functor RHom^4(?,T). 

Proof. We just do the first case, leaving to the reader the verification of the other 
cases. Indeed the assignement (T, M) Homc dg A(T, M) is the definition on objects 
of a bifunctor, contravariant and dg in the first variable and covariant and dg in 
the second: 

Hom Cds ^(?, ?) : C dg (B op ® A) X C dg A -> C dg B. 
It takes null-homotopic maps on cither of the two variables to null-homotopic maps, 
thus inducing a triangle bifunctor: 

F H = Hom^?, ?) : H(B op ® A) X ->■ HB. 

Now the composition 

F p : P(S°p 0i)xW PBOP8 - A><M > -H(6 op ® .4) x HA *- VB, 

where p B <>p<g>.A : V(B op ® A) ^> H(B op ® .A) and : -> HA arc the functors 
homotopically projective resolution and homotopically injective resolution, respec- 
tively, is our desired triangulated bifunctor. By definition, F-p takes (T, M) to 
Hom Ct!g ^(pBop _ 4 (T),u(Af)). Let us fix T and let ir : Pb°p®a(T) -> 7 1 the quasi- 
isomorphism of 6-A-bimodulcs mentioned in Remark 14.61 Then the induced map 

Hom c<fB ^(7r,U(A0) : Hom CdgA {T, U(M)) -> Hom Cds ^(p B o P ^(r), u(M)) 

is a quasi-isomorphism since iaM is homotopically injective. It is then an isomor- 
phism RHorru(T,?)(Af) ^ F V (T,?)(M) in PS. It is routine to check that, when 
M varies in VA, it underlies a natural isomorphism RHom^(T, ?) = Fx>{T, ?). y/ 
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We will freely interpret the six functors above as one-sided parts of triangulated 
bifunctors. 

Proposition 5.2. Let A and B be small dg categories and let T be a dg B-A- 
bimodule. There is an isomorphism of triangle bifunctors 

RHorru(? <g>^ T, ?) ^ RHom Bof ,(?, RHorru(T, ?)) : (VB) op x VA -> Vk. 
Proof. For any right dg S-modulc X and right dg ,4-module M we have 

RHorrupf ®^ T, M) = 
= Hom Ctig a{pbX <E> b T, i A M) = 
= Homc dg B(psX,Hom c<Ja ^(T,UM)) = 
= Hom Cdg8 (p e X, RHom A (T,M)) = 
= RHom s (X, RHorru(T, M)), 
where the isomorphism lives in the derived category of k. 
Lemma 5.3. 1) For all B , B' G B there is an isomorphism 
RHom A (T(?,B),T)(B') -4 RHom A (T,T(?,B'))(B) 

in T>k. 

2) For all A , A' 6 A there is an isomorphism 

RHom BoP (T(A, ?),T)(A') 4 RHom B o, (T, T(A', ?))(A) 

m T>k. 

3) -For eac/i Ag^l we have isomorphisms 

RV\om A {A A ,T) = T(A, ?) = T ®^ A A 

m V(B op ). 

4) For eac/i B £ B, we have isomorphisms 

RHom B o P (B v ,T) ^ r(?,B) = £? v (gig T 

Proof. Statements 3) and 4) are well known (see [IB])- We just prove 1) since 2) is 
entirely similar. By definition, we have 

RHom A (T(?,B),T)(B') = Hom CdgA (p A T(?,B),T(? 7 B')) 

and 

RHom A (T,T(?,B'))(B) = Hom CdgA (T(?, B),i A T(7, B')). 
But we have quasi-isomorphisms of dg fc-modulcs 

Hom CdgA (p A T(?,B),T(?,B')) -+ Hom CdgA (p A T(?,B),i A T(?,B')) 

and 

Hom edgA (T(?,B),i A T(?,B')) -> ^om CdgA {p A T(l , B), i A T(7, B')). 

V 

Notation 5.4. Consider the adjunctions at the beginning of this section. We 
denote by: 

• A (AT) : N -> RHorru(T, N T) the unit of the first adjunction. 

• e(M) : RHom^(T, M) ®gT->M the counit of the first adjunction. 
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• p{M) : M — > RHorriBop (T,T ®\ M) the unit of the second adjunction. 

• 4>{N) : T ® A RHom e o P (T, N) — > N the counit of the second adjunction. 

• a(N) : N -> RHom^(RHom B o P (N, T), T) the unit of the third adjuction. 

• t(M) : M -> RHom B o P (RHom^(M, T),T) the counit of the third adjunc- 
tion (regarded in VA). 

Proposition 5.5. Consider the following statements: 

1) A(B A ) is an isomorphism for each B G B. 

V) X(X) is an isomorphism for each X G per(B). 

2) e{T{l,B)) is an isomorphism for each B G B. 

2') s(M) is an isomorphism for each M G thicks (T(?, B) , B G B). 

3) er(B v ) is an isomorphism for each B G 23. 

3') is an isomorphism for each X G per(B op ). 

4) r(T(?,B)) is an isomorphism for each B 6 8. 

4') r(M) is an isomorphism for each M G thickxu(T(?, i?) , B 6 8). 
There is the following chain of implications: 

2) <(=> 2') <S= 1') ^1)^3)^ 3') 4') <S> 4). 

Proof. Applying Corollary 13.221 with n = 1, we know that if / is any of the mor- 
phisms of functors A , e , a or r, then the class of objects C for which fc is an 
isomorphism is a thick subcategory of the corresponding triangulated category. 
That gives the equivalence i) i') for each i = 1,2,3,4 since the perfect derived 
category is precisely the thick subcategory generated by the representable modules. 

1) => 2) Statement 1), together with Lemma T5.31 says that we have an isomor- 
phism 

B h £* RHom^ (T,T(?,B)) 

in T>B. After applying ? ®g T, and taking into account again Lemma 15.31 we get 
an isomorphism 

T(?, B) S* RHom^(T, T(?, B)) ®^ T 

in DA, which happens to be the counit e(T{l , B)). 

3) =>■ 4) Statement 3), together with Lemma [531 savs that we have an isomor- 
phism 

B v ^ RHorru (T(?,B),T) 

in 2?(B op ). After applying RHomgop (?, T), and taking into account again Lemma [5~3l 
we get an isomorphism 

T(?,B) ^ RHom B o P (RHorru (T(?,B),T),T) 

in DA, which happens to be the counit t(T(?,B)). 

1) 3) It is easy to check that for each B , B 1 G B wc have a commutative 
square in the category of complexes over k, 

Hom e (B', B) A(BA)(B,) » Hom Cds ^(T(?, B'), i A T(7, B)) 

a(B' v )(B) tt v 

Hom Cd3 ^(p^T(?, B'), T(?, B)) i- > Hom Cd ^(p^T(?, B'),i A T(7, B)) 

where l a and 7r v are quasi-isomorphisms. Therefore, A(B A ) is a quasi-isomorphism 
for every B G B if and only if cr(B v ) is a quasi-isomorphism for every B G B. ^ 
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Similarly, we have: 

Proposition 5.6. Consider the following statements: 

1) p(A v ) is an isomorphism for each A £ A. 

1') p(X) is an isomorphism for each X £ per(„4 op ). 

2) (j>(T(A, ?)) is an isomorphism for each A £ A. 

2') (f>(N) is an isomorphism for each N £ thick^gop) (T(A, ?) , A £ A). 

3) t(A a ) is an isomorphism for each A £ A. 

3') t(M) is an isomorphism for each M £ per(„4). 

4) o~(T(A, ?)) is an isomorphism for each A £ A. 

4') cr(N) is an isomorphism for each N £ th\ck-r>^o P ^(T(A^ ?) , A £ A). 
There is the following chain of implications: 

2) 2') <S= 1') & 1) 3) & 3') => 4') ^ 4). 

Definition 5.7. 1) The objects oiVA which are reflective (see Definition ^. 24|) 
with respect to the adjoint pair formed by RHomgop (?, T) and RHom^(?, T) 
are said to be homologically T -reflective. 
2) The objects of V(B op ) which arc coreflcctivc (see Definition I3.24[) with 
respect to the adjoint pair formed by RHomgo P (?,T) and RHom^(?,T) are 
said to be homologically T-coreflective. 

Recall (see for example [TJ §4 of Chapter 1]) the following: 

Definition 5.8. Let A and B be ordinary algebras and let M be a B-A-bimodulc. 
Consider the ring morphisms 

A : B -> End A (M) and p : A -> End B (M), 

given by multiplying to the left and to the right by elements of B and A, respectively. 
We say that M is faithfully balanced if these morphisms are isomorphisms. 

Examples 5.9. 1) The regular A-A-bimodule A is faithfully balanced. 

2) If k is a field and M is a fc-vector space, then M is a faithfully balanced 
End fe (M)-fc-bimodule. (See Exercise 4.4 of Chapter 1 of [J.) 

3) If M is a right A-modulc and BiEnd(M^) is its ring of biendomorphism, 
then M is a faithfully balanced End(M / i)-BiEnd(A/ J 4)-bimodulc. 

Definition 5.10. Let A and B be dg categories. A dg B-A bimodulc T is homo- 
logically faithfully balanced if the units of the adjunctions 

\{B A ) : B A ^ RHom^(T,r(?,B)) p(A v ) : A v ^ RHomgop (T, T(A, ?)). 

are isomorphisms for each B £ B and A £ A. 

A prototypical example of a homologically faithfully balanced bimodule is the 
following. 

Example 5.11. Let A and B be ordinary algebras (they can be regarded as dg 
categories with only one object and such that the complex of endomorphisms is 
concentrated in degree 0). An ordinary B-A-bimodule T is homologically faith- 
fully balanced if and only if it is faithfully balanced, and Ext^ (T, T) = and 
Ext^ (T,T) = for all n > 0. In particular, if T is a good n-tilting A-module (see 
Definition 12. ip and B = End a(T), then T is a homologically faithfully balanced 
.B-A-bimodule [3j Proposition 1.4]. 
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Remark 5.12. Propositions 15.51 and 15.61 set a link between homologically T- 
(co)reflectivity and homologically faithfully balance of T. This is important for 
the proof of Theorem [ 



Notation 5.13. Given a small dg category B, the regular bimodule over B is the 
dg £>-$-bimodule 

B op ® B -> C dg k , (B, B') i — ^ Hom B (B, B'). 

Abusing of notation we shall denote it by £>(?, ?) or simply by B. 

Remark 5.14. It is a straightforward verification that we have isomophisms of 
triangle covariant functors T>B — > VB 

RHom B (,B,?) = 1 VB =1 ®^B. 

Lemma 5.15. Let A , B and C be small dg categories. 

1) There exists a natural transformation between bifunctors from Cdg{B° v ® 

A) op xCdg(B op ®C) to Cd g {A oPl S>C), which are dg functors on both variables, 

i> '■ Hom c is (S»f)(?,6)®e? -> Hom Cis(B „ p) (?, ?). 

2) There exists a natural transformation between bifunctors from Cd g (A op ® 

B) op xCd g {C op ®B) to Cd g (A op ®C) , which are dg functors on both variables, 

i\> :?<E>b Hom Cd3 8(?,S) -> Hom Cdg£! (?, ?). 
Proof. 1) For each dg S-C-bimodule X we have an adjunction 

C dg (A°v®C) 



Home, C (X,?) 



C dg {A°v g> B) 

and so, for each dg 23-*4-bimodule T and each dg £>-C-bimodulc X. there is an 
isomorphism of complexes over k, 

Hom Cds( ^op 8C) (Hom Cds(e „ P) (r, B) ® B X, Hom Cdg(£! o P) (T, X)) 



Hom Cdg( ^op 8e) (Hom Cdg(B op ) (r, B), Hom CdgC (X, Hom Cdg(B o P) (T, X)), 

which is natural in T and X . 

We shall describe a morphism £ = £t,x of dg _A-Z3-bimodulcs living in the com- 
plex at the bottom. Its preimage by the vertical map is then a morphism ipT,x 
which is the evaluation at (T,X) of our desired morphism ip. 

For an object BsBwc have to describe a morphism of complexes over k 

: Hom Cdg(B o P) (T,B V ) Hom Cd3 c(A(?, B), Hom Cdg(B o P) (T, X)). 

Thus, for a morphism of left dg Z3-modules / £ Hom Cd (go P )(T, B y ) we have to 
describe a morphism of right dg C-modules 

£(£?)(/) G Hom CdgC (X(?,B),Hom Cdg(B o P) (T,X)). 

Hence, for each C S C we have to describe a morphism of complexes over k 

S(B)(f)(C):X(C,B) -+ Hom Cdg(B o P) (T,X(C,?)). 
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Therefore, for each B' £ B and each homogeneous element x £ X(C,B), we have 
to describe a morphism of complexes over k 

£(B)(f)(C)(x)(B') :T(B') X(C,B'). 

We define it as follows: 

m(f)(C)(x)(B>)(n) = (-l)M-MX(CJ(B')(n))(x), 

where \x\ is the degree of x and \n\ is the degree of n. The reader is invited to check 
all the technical details about naturality. 

2) Proved similarly. s/ 

Proposition 5.16. 1) Let B and C be small dg categories. There exists a 
morphism 

9(7, ?) : RHom s .,(?, B)®^7 -S- RHom eoP (?, ?) 

of triangle 2-functors from V(B op ) op x V(B op ®C)^VC. 

2) Let B and C be small dg categories, and assume C is k-projectiv$\. There 
exists a morphism 

6(7, ?) :? ®^ RHomg(?, B) ->■ RHom B (?, ?) 

of triangle 2-functors from V{C op ® B) x (VB) op V(C op ). 

3) Let A , B and C be small dg categories. Assume A and C are k-projective. 
Then there exists a morphism 

9(7,7) : RHom B .i>(?,B)<8>li?-> RHom s . f (?,?) 

of triangle 2-functors from V(B op ® A) op x V(B op <E) C) V(A op ® C). 

4) Let A , B and C be small dg categories. Assume A and C are k-projective. 
Then there exists a morphism 

9(7, 7) :? RHom e (?, B) -> RHom e (?, ?) 

of triangle 2-functors from V(A op ® B) op x V(C op ®B)^ V(A op ® C). 



Otherwise it is not clear that if X is a dg C-S-bimodulc and T" is a dg right S-module then 
X ®^ RHom s (T', B) is a left dg C-modulc. 
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RHom B o P (X,£)®^T 
p B o P Hom Cds(B o P) (p B opX,5) ® B T 

l<gl7T 

p B o P Hom Cdg(B o P) (p B opX,6) ® B p B o P0C T 

7r'®l 

Hom Cds(B o P) (p B o P X, B) (8) B p B o P ® c T 



H° m Cd B (B P)(PB°P^ Pb^p^c? 1 ) 
Hom Ctj3(B o P) (p B opX,T) 
RHom B =p(X,T), 



where 7r is a homotopically projective resolution of T as bimodule, n' is a homotopi- 
cally projective resolution of Hom Cds ( B o P ) (p B o P X, B) as left dg i3-module and ip is as 
in Lemma 15.151 Tensoring with a homotopically projective module preserves quasi- 
isomorphisms (see Lemma 15.211 and § 14.5 .3[) , and so 1 ® n is a quasi-isomorphism 
of right dg C-modules. 

It is straightforward to check that 8(X, T) is natural in both variables. 

2) Proved similarly. 
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3) 6(X,T) is defined by the following chain of morphisms 



RHom B o P (X,2?)®L T 
PA°p®B RHomgop (X, B) ® B T 
P.4°p®f? RHomgop (X, B) ® B Pb°v®c T 

7r'ig)l 

RHom B o P (X,S) ® B Pb°p® c T 
i 

M° m C dg (B°p)(PA°p®BX,B) ®b Pfiop^cT 1 

Hom Cdg (gop)(p^o P(8)B X, p#°p 8C T) 

Hom Cds ( B op)(p y! iop lg) gX, T) 
Honn CiJs (Bop)(p^p 8B I, i B o PglC T) 

H om Cd g (B op )(^ ^"p^c? 1 ) 
RHom e o P (X, T), 

where it and 7r' are the corresponding "H-projcctive resolutions, ip is as in Lemma [5.151 
and Hom Cds (go P ) (pa°p®bX, B) is a notation standing for the dg ^-£>-bimodule which 
sends (B, A) to 



Hom Cdg(B o P) ((p^op 0B X)(?, A), B(1, B)). 
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This bimodule is isomorphic to RHomgop [X, B) in T)(A° P <£> B) since they are linked 
by the following two quasi-isomorphisms of dg _4-,B-bimodules 

RHomgop (X,B){B, A) 
Hom Cdg{B . P) (X(A,?),i B a P B(B,?)) 
Hom edg(B o P) ((p B o PmA X)(A, ?), i B » P B(B, ?)) 
Hom Cdg(S o P) ((p S o P ^X)(A ?), B(B, ?)) 

Hom Cds(B op ) (p f3 op^X, B)(B, A). 

Note that, thanks to Lemma [5TT81 we know that for each dg ^4-i3-bimodule M, the 
bimodule p^pggM is "H-projective when regarded as a right dg S-module, and for 
each dg £>-C-bimodule N the bimodule Pb°p®cN is ^-projective when regarded as 
a left dg £>-module. After Remark 15.201 and Lemma[5j3B f° r each dg £>-C-bimodulc 
N the bimodule 'ib°p®cN is 'H-injective when regarded as a left dg S-module. 
4) Proved similarly using part 2) of Lemma \5. 151 

Definition 5.17. We say that a dg category A is k-projective if for each pair 
of objects A' , A £ A the complex Hom^(A',A) is "H-projective in Hk. We say 
that A is k-flat if for each pair of objects A' , A £ A tensoring with the complex 
Hom A (A',A), 

?® fe Hom A {A',A) :Hk^Hk, 
preserves acyclic complexes. 

Lemma 5.18. Let A and B be a small dg categories. Assume A is k-projective. 
Then for each A £ A the 'restriction of scalars functor' 

H(A op ®B)^UB 1 M H- M(?, A) 

preserves the property of being %- projective. 

Proof. The 'restriction of scalars functor' is isomorphic to 

A A ® A ? : H{A op (8 B) -> HB, 

and it has a right adjoint: 

Hom Cdsfc (A A , 1):HB^ H(A op ® B). 

Let P be an ^-projective module in H(A op (g> B) and let N be an acyclic module 
in HB. Then 

Hom« 8 (A A «u P, iV) ~ Hom w( ^o P0e) (P, Hom Cdgfc (A A , iV)). 

Therefore, to prove Hom^ l g(A A ® ^P, 2V) = it suffices to prove that Home d k(A A , N) 
is acyclic. But for each pair of objects A' € A, B £ B and integer p £ Z the com- 
plex Hom Cdgk (A A , N)(B, A') = Hom Cdt)fc (Hom^(A', A), N(B)) has the following pth 
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homology fc-module 

H n Ho mCdsk (Ho mA (A',A),N(B)) = Hom nk (Hom A (A',A),EPN(B))=0. 

V 

Lemma 5.19. Let A and B be a small dg categories. Assume A is /c-flat. Then 
for each A € A the 'restriction of scalars functor' 

H(A op ®B)^UB, M h> M(?, A) 

preserves the property of being "H-injective. 

Proof. The restriction of scalars functor is isomorphic to 

Hom Cti3( ^op ) (A v , ?) : H{A op ® B) -> WB, 

which has a left adjoint 

A v ® fe ? : HB ^ H{A op ® B) 

Let / be an H-injective module in H(A° P <8> B) and let iV be an acyclic module in 
HB. Then 

Hom w6 (iV,Hom CdB( ^op ) ( J 4 v ,/)) = Hom n{A a Pm) (A v ® fe N, I) 

Therefore, to prove Hom-u B (N, Home (,4op)(.A v , 7)) = it suffices to prove that 
A v <£)k N is an acyclic dg ,4-,8-bimodule. But for each A' € A and B £ B the 
complex {A v ® k N)(B,A') = A V (A') ® k N(B) = Hom A (A,A') ® k N(B) is still 
acyclic because N(B) is acyclic and A is fc-flat. 

Remark 5.20. After Lemma T5.211 we know that if a dg category is fc-projective 
then it is fc-flat. 

Lemma 5.21. Let B be a small dg category. If X is the colimit in CB of a sequence 

= X-i — > Xq — > X\ — > . . . — > X n _i — > X n — > . . . 

where each arrow X n ^\ — > X n is an inflation and each factor X n /X n -\ is a small 
coproduct of shifts of copies of B A , B € B, then the functor 

X<E) B ? :C(B op ) ^Ck 

preserves quasi-isomorphisms. 

Proof. It is equivalent to check that Xgig? preserves acyclic objects. If Y £ C(B op ) 
is acyclic, then 

H m (X® B Y) = 

Hom m .(XT m fc, (colim„ X n ) ® B Y) = 

Hom m (E- m fc, colim„(X„ ® B Y)) = 

= colim„ HomDfc(S~ Tn fc, X n <£> B Y) = 

= colim„ H m (X„ ® B Y). 

The reader can find a proof of the third isomorphism in Lemma 6.3 of |30j . Now it 
suffices to prove that each X n (gig Y is acyclic. This is done by induction on n. If 
n = 0, then Xq ®g Y is isomorphic to a small coproduct of shifts of Y, and so it is 
acyclic. If n > 0, we can consider a conflation 

X n -i — > X n — > X n /X n -i 
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in C(B op ). This induces a conflation 

X„_i ® B Y ^ X n ® B Y ^ (X„/X„_i) ® B r 

in Ck, and so a triangle 

X n -! ® B Y -> X n ® B Y -> (Xn/Xn-t) ® B Y ^ ® B y 

in 2?fc. By hypothesis of induction both X n _i (gig Y and (X„/I„_i) ®g Y are 
acyclic, and then so is X n ®gY. ^/ 

Corollary 5.22. f) With the notation of part 1) of Proposition [5~TB] if X is 

a compact object of T>(B op ), then 

9{X,1) : RHom B o P (X,B)®^? -> RHom e o„(X, ?) 

is an isomorphism of triangle functors T>(B° V ® C) — > DC. If C = k then 
the coverse is also true. 
2) With the notation of part 2) of Provosition [5.161 if X' is a compact object 
of T>B, then 

9(7, X') :? <g>§ RHom H (X', B) -> RHom B (X', ?) 

is an isomorphism of triangle functors T>(C op ® B) T>(C op ). If C = k 
then the coverse is also true. 

Proof. 1) 6(X, ?) is an isomorphism of triangle functors if, and only if, for each dg 
K-C-bimodule T and each object C G C the induced morphism in T>k 

9{X,T){C) : PB op RHom B o P (X,6) ® B T(C,?) -> Hom Cdg(8 o P) (p B ° P X, T(C, ?)) 

is an isomorphism. But now this morphism is clealy identified with 9(X,T(C,?)), 
the morphism of triangle bifunctors T>(B op ) x T>(B) — > T)k given by Proposition l5.16l 
in case C = k. By Corollary and the fact that per(S op ) = thickp (B o P) (B v , B G 
£>), we can assume without loss of generality that X = B v is rcprcsentable, and in 
this case the isomorphism can be easily checked. 
Suppose now that C — k and that 

9(X,1) : RHom B o P (X,B)®^? -> RHom B op(X, ?) 

is an isomorphism of triangle functors T>(B op ) — > T>k. Then RHomgo P (X, ?) pre- 
serves small coproducts since so does RHomgo P (X, £>)<£>g?. It follows that X is 
compact in V(B op ). 

2) Proved similarly. s/ 

Notation 5.23. Suppose that A is a fc-projective small dg category and that T is 
a dg $-„4-bimodulc. Then 

T* = RHom B o P (T,6) 
is a dg ,4-,8-bimodule as follows: 

T*(B,A) = Hom Cds(B o P) (r(A,?),i e o P 6(i?,?)) 
We can then consider 

T** = RHom B (T*,i3), 
which is a dg £>-*4-bimodule as follows: 

T**(A,B) = Hom Cdg B(T*(?,A) 7 i B B(? 7 B)). 

Denote by 

a:T^T** 
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the morphism in T>(B° V ®A) using the following chain of morphisms (which involves 
%-projective and "H-injective resolutions): 

T 

i 



Hom CdgB (Hom Cdg(B o P) (p B o Pl8>t T,#),#) 



Hom CdgB (p.4°p® B Hom Cdg ( i3 op ) (p i3 op 8 _ 4 T,S),i3) 



Homc dg s(p^°p«i3 Hom Cdg(;B op ) (p B op ( g| iA T,B), i B £>) 



Hom CdaB (Hom Cd3 ( B o P) (p B o P ^T,,B),i B 8) 



Homc dgB (Hom Ctig(e op ) (p i3 op ^T, i B o P #), i B B) 



Hom CdgB (Hom Cdg(B o P) (T, i B o P £), i B B) 



Proposition 5.24. Let A , £> and C be small dg categories. Assume A and C are 
k-projective. The following assertions hold: 

1) Let T be a dg B-A-bimodule such that T(A, ?) G per(B op ) for each A € A. 
Then the map 

0(T,?) : RHom BoP (T,£)® B ? -> RHom B o P (T, ?) 

of part 3) of Provosition [5.16\ is a natural isomorphism of triangle functors 
from V{B op <g> C) to P(^ op <g> C) . 

2) Le£ T" fee a A-B-bimodule such that T'(1,A) £ perS for each A £ A. 
Then the map 

0(?, T') :? ®Jj RHom B (T', B) -> RHom B (T', ?) 

of part 4) of Proposition [5.16\ is a natural isomorphism of triangle functors 
from V{C op <g> B) to 2?(^ ® C). 

3) Lei T be a dg B-A-bimodule such that T(A, ?) £ per(B op ) for each A £ A. 
Then a : T — > T** is an isomorphism in T>(B op (g> ^4). 



GENERALIZED TILTING THEORY 



27 



Proof. 1) For each X G V(B op ® C) and each A e A the map 9{T,X){1,A) gets 
identified with the map 8(T(A 1 ?) 1 X) of part 1) of Proposition 15.161 which is an 
isomorphism as stated in Corollary 15.221 

3) For each A £ A the morphism cr(?,A) : T(A, ?) T**(A, ?) gets identified 
with the unit 

ct(T(A,?)) : r(A,?) -> RHom B (RHom e o P (T(A,?),B),B) 
of the adjunction 



RHomgop (?,B) 



RHom B (?,B) 



P(B op ). 

After Proposition 15.51 we know that it is an isomorphism if and only if the unit 
\{B A ) : £> A -> RHom e (B, 5 A ®£ B) 



of the adjunction 



PS 



RHom B (B,?) 

VB 

is an isomorphism. But this last condition clearly holds. 

6. Results for dg categories 

Corollary 6.1. Let A and B be small dg categories and let T be a dg B-A-bimodule. 
The following assertions are equivalent: 

1) RHorru(T, ?) : VA -> VB is fully faithful. 

2) The counit map 6 : RHorru(T, ?) ®^T ^ 

Ida is an isomorphism. 

3) ? <8>g T : 2?B — > DA induces a triangle equivalence 

VB/ker{l®% T)^VA. 

4) TTie functor 

RHorru(T, ?) ®^ T : VA -> £U 

preserves coproducts and 

S{A A ) : RHorru(T, A A ) <g)£ T -> A A 

is an isomorphism in DA, for each A £ A. 

Proof. The equivalence between 1), 2) and 3) follows from Proposition ^. 21 Indeed, 
one can easily prove that the set S of morphisms u of VB such that is an 

isomorphism equals the set of morphisms u of VB whose cone is in the kernel of 
?8>&T. 

Clearly, 2) implies 4). 

4) => 2) The hypothesis implies that the full subcategory C of VA formed by 
those objects M such that 5(M) is an isomorphism is a triangulated subcategory 
of VA, closed under small coproducts and containing all A A , A G A. It follows 
that C = VA. V 

The following remark is related to Proposition 2.6 of [3]. 
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Remark 6.2. In the situation of Corollary KT\ N = ker(? (g>^ T) is a smashing 
subcategory of VB if, and only if, RHorru(T, ?) preserves coproducts if, and only 
if, T(?,B) G per(^) for each B G B. 

Theorem 6.3. Let A and B be small dg categories and let T be a dg B-A-bimodule. 
The following assertions are equivalent: 

1) ? ®g T : VB — s- VA is fully faithful. 

2) The unit map A : 1t>b ~^ RHom^(T, ? <gg T) is an isomorphism. 

3) A(_B A ) is an isomorphism for each B G B, and RHom^(T, ? <gg T) : VB — > 
VB preserves small coproducts. 

4) X(B A ) is an isomorphism for each B G B, and the restriction of RHom^(T, ?) 
to Triap^i(T(?, B) , B € B) preserves small coproducts (and is fully faith- 
fid). 

5) A(_B A ) is an isomorphism and T(7,B) is a compact object of the category 
Tria^(T(?, B') , B' G B), /or eac/i Be6. 

It £/iis case ? (gg T induces a triangle equivalence 

VB ^ im(? <g)^ T) = Tria^(T(?, B) , B e B), 

and (im(? <gg T), ker(RHom^(T, ?))) is a semiortogonal decomposition ofVA. 

Proof. 1) 2) follows from well-known properties of adjunctions (use the dual of 
Proposition l3.2[) . 

2) =>■ 3) is clear. 

3) =>■ 2) The full subcategory C oiVB consisting of the objects N such that X(N) 
is an isomorphism, is a triangulated subcategory closed under small coproducts and 
containing all the B A , B G B. It follows that C = VB. 

1), 3) => 4) By Corollarv l3.19l we have that im(?(8)gT) is contained in the category 
Tria p ^(T(?, B), B e B). But, since ?®£T is fully faithful, it follows that im(?®jjjT) 
is a full triangulated subcategory of VA. Moreover, it containes the objects of the 
form T(?, B) , B e B, and it is closed under coproducts. Therefore, we have 

im(? ®£ T) = Tna VA (T{7, B) , B G B). 

Now the fact that RHom^(T, ? (g)^ T) preserves small coproducts implies that the 
restriction of RHorru(T, ?) to im(? <gi£ T) = Tr\a VA (T(?,B) , B e B) preserves 
small coproducts. Moreover, this restriction is quasi-inverse of the equivalence 

7®^T:VB^ Triaxu(T(?, B) , B G 6). 

4) 5) For each family {Mi}i £ i of objects of Triap^(T(?, £?) , B £ B) and each 
B £ B we have a commutative diagram 

1L RHom^(T(?, B), Mi) RHom^(T(?, B), LL M f ) 



TJ, RHorn^T, M^B) RHom^T, ]}> M t )(B). 

Then the upper horizontal arrow is an isomorphism if and only if so is the bottom 
one. 

4) =*> 3) The functor 

RHorru(T, ? ®g T) : VA -> VA 
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is the composition of the following functors 

?®~T , , % RHom,(T,?) 

DA Tria(T(?, B) , B g B) ; DA. 

The hypothesis guarantees that the second one in this composition preserves small 
coproducts and, hence, also the composition does. 

We finally prove that (im(? T), ker(RHom^(T, ?))) is a semi-orthogonal de- 
composition of T>A. We only need to prove the equality 

im(? T) 1 - = ker(RHorru(T, ?)) 

since we know that the inclusion 

im(?®£ T)->XU 

has a right adjoint. But, since both classes are closed under shifts, we can use the 
Proposition 15.21 to get the following chain of equivalences for each M G DA: 

AI G im(? ®% T) 1 - if and only if 

RHorru(? ®£ T, AI) = if and only if 

RHom e (?, RHorru(T, M)) = if and only if 

RHorru(T, M) = if and only if 

AI G ker(RHorru(T,?)). 

V 

Theorem 6.4. Let B and A be dg k-categories and let T be a dg B-A-bimodule. 
Consider the following statements: 

1) T is homologically faithfully balanced and for each A € A we have T(A, ?) G 
per(B op ). 

2) T is homologically faithfully balanced and each A A belongs to the category 
thicks (T(?, B), BeB). 

3) RHom^i(T, ?) : DA — > DB is fully faithful, preserves compact objects and 
each B A , B G B, is in its essential image. 

4) For each B G B the unit \{B A ) : B A RHorru(T, T(?, B)) is an isomor- 
phism and each A A belongs to thicku^(T(?, B) , B G B). 

5) For each B G B the unit X(B A ) : B A RHom^(T, T(?, B)) is an isomor- 
phism and T<S>^4? : D(A op ) — > D(B op ) is a fully faithful functor whose right 
adjoint preserves small coproducts. 

6) For each B G B the unit \{B A ) : B A RHom^(T, T(?, B)) is an isomor- 
phism and ? (gig T has a fully faithful left adjoint. 

7) For each B G B the unit X(B A ) : B A RHom^(T, T(?, B)) is an iso- 
morphism and there exists a dg A-B-bimodule T' such that the couples 
(? <g>^ T", ? ®^ T) and (T<g)^?, T'<g>^?) are adjoint pairs with fully faith- 
ful left components. 

Then assertions l)-6) are equivalent and implied by 7). Moreover, if A is k- 
projective, then all the assertions l)-7) are equivalent. 

Proof. 1) =$> 2) The fact that T is homologically faithfully balanced implies that 
p{A v ) is an isomorphism in 2?(.4 op ), for each A £ A. By Proposition [03 it follows 
that the map 

t{A a ) : A A ->■ RHomgo P (RHom^(A A , T),T) = RHom S o P (T(A, ?), T) 



:S0 



PEDRO NICOLAS AND MANUEL SAOPJN 



is an isomorphism in DA, for each A € A. The fact that T(A, ?) £ per(£? op ) 
implies (see Corollary [3719]) that A A is in thick-D^(RHom S o P (B v , T) , B £ B) = 
thickxu(T(?, B), Be B), for each A £ A. 

2) =>■ 1) The fact that T is homologically faithfully balanced implies that X(B A ) 
is an isomorphism in DB for each B £ B. Using Proposition 15 .51 we get that 

cr(B v ) : B v -> RHom^(RHom B o P (B v ,T),T) = RHom A {T (?, B),T) 

is an isomorphism in D(B° P ), for each B £ B. But the hypothesis together with 
Corollary 157151 imply that T(A, ?) = RHorru(A A , T) is in the category 

thick x , (e o P) (RHom^(T(?, B),T) , B £ B) = thick 1?(B =p ) (S v , B £ B) = per(S op ). 

1) , 2) =S> 3) We need to see that the counit map 5 : RHorru(T, ?)®gT4 1 VA 
is an isomorphism. This is equivalent to prove that, for each A £ A, the morphism 

RHorru(T, ?) ®£ T(A, ?) = (RHom^T, ?) ®§ T){A) ->1{A) 

is an isomorphism of triangulated functors DA — > Dk. 

To simplify the notation, let us denote by (?)* each of the two contravariant 
functors RHom B (?,6) : DB -> D{B°v) and RHomgop (?, B) : D(B°p) -> X>B. 

Step J: T(A ?) S T(A, ?)** and T(A, ?)* e per(B). 

Note that, taking T = B(l, ?) the regular bimodulc, then condition 1 in Propo- 
sition EH] always holds. It follows that cr(B v ) : B v -> (B v )** is an isomor- 
phism, and hence cr(X) is an isomorphism, for each X £ per(B op ) (see Corol- 
lary [5J22] or directly Proposition I5.5[) . In particular, our hypothesis implies that 
a(T(A,?)) : T(A,1) -> ?)** is an isomorphism. Note also that, by Corol- 

larv 157191 the fact that T(A, ?) £ per{B op ) implies that T(A, ?)* £ per(B). 

Step 2: T(A,?)*<g^T = A v . 

By Corollary 15.221 and the homological faithful balance of T, we have isomor- 
phisms in DA: 

T(A, ?)* ®l T 9(7W) ' T) , RHomgop (T(A, ?), T) = RHomgop (T ®^ T) !4 V . 
5iep 3: 5 is an isomorphism 

Applying now (a symmetric version of) Corollary 15.221 and Proposition 15. 2[ for 
each M in DA, we get an isomorphism in Dk 

RHom^T, M)®^T{A,1) 

i 

RHorru(T, M) ®\ T(A, ?)** 



RHomg(T(A, ?)*, RHorru(T, M)) 



RHom^(T(A,?)* ®^ T, M). 
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Now using step 2 we have an isomorphism in Dk 

RHom A (T,M)®^T(A,l) = RHom A (T{A,?)*®^T, AI) = RHom^(A v ,M) ~ M(A). 
It is routine to check that it is just the one given by the counit map 8{M). 

Step 4-' each B A is in the essential image of im(RHom_4(T, ?)). This is a direct 
consequence of the homological faithful balance of T since 

A(B A ) : £ A -> RHorru(T, B A ®£ T) = RHorru(T, T(?, B)) 

is an isomorphism. 

Step 5: RHom^T, ?) preserves compact objects. By hypothesis, we have that 

A* e thicks (T(?,B) , B e B)). 

It follows that RHorru(T, A A ) belongs to 

thick OB (RHom^(r, T(?, £?)) , B £ B) = thickx, B (B A , B £ B) = per(B), 

for each A £ A. By Corollary 13.191 we deduce that RHom^(T, M) is compact in 
2?B whenever M is compact in DA. 

3) =>■ 4) By well-known properties of adjunctions, the essential image of the 
functor RHom_4(T, ?) : DA DB is the full subcategory of DB formed by those 
modules N for which the unit 

N ^ RHom A {T,N <g>£ T) 

is an isomorphism. In particular, we have 

B A 4 RHom A (T,T(?,B)) 

in DB. On the other hand, since the restriction of ?®gT to irr^RHom^T, ?)) yields 
the quasi-inverse of RHorru(T,?) and RHom A (T,A A ) £ per B = thick- DB (B A , B e 
6), then 

yl A 3* RHorru(T, A A )<8>£r e thickp^B^T, B £ B) = thicks (T(?, B), B e B). 

4) => 2) We just need to check that 

p(A v ) : A v ->• RHomgop (T, T ®^ A v ) 

is an isomorphism in 2?(.4 op ), for each A £ A. By Proposition l5.61 that is equivalent 
to prove that 

t(A a ) : A A -> RHomgop (RHorru(A A , T), T) 

is an isomorphism in DA, for each Ag A For that it is enough to prove that 

r(T(?,B)) : T(?,B) -> RHom B op(RHom^(T(?,B),T),T) 

is an isomorphism. But this follows from Proposition 15.51 
1) =S> 5) Note that 

RHomgop (T, ?) : D(B op ) -> D(A op ) 

preserves small coproducts if, and only if, so does 

RHomgop (T(A, ?), ?) : D(B op ) -> 2?fc, 

for each A £ A. This is in turn equivalent to say that T(A, ?) <E per(B op ), for each 
A £ A. On the other hand, by the homological faithful balance of T, the unit map 

p(A v ) : A v -> RHomgop (T,T® A A V ) 
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is an isomorphism, for each A G A. Then the symmetric of condition 5) in Theo- 
rem [6T3] holds. It follows that 

T®\1 : V(A op ) -> V(B op ) 

is fully faithful. 

5) 1) By the fully faithful condition of 

T®^:V(A op ) ^V(B op ), 

we know that the unit map 

p(A v ) : A v -> RHomgop (T, T ®\ A v ) 

is an isomorphism, for each A G A. Then T is homologically faithfully balanced. 
That T(A, ?) G per(£ op ), for each A G A follows from the fact that the functor 

RHomgop (T, ?) : V(B op ) -> V{A op ) 

preserves small coproducts (see the first paragraph of the proof of the implication 
1)=>5)). 

l)-5) =S> 6) We claim that ? ®£ T : VB -> VA preserves small products, which, 
by Lemma |6.5[ will imply that it has a left adjoint. Then Lemma 13.121 will finish 
the proof. 

Indeed, if {X{\i £ i is a small family of objects of VB, then we have a canonical 
morphism 

iei iei 

in T>A. This morphism is an isomorphism if and only if for each A £ A the cochain 
map 

(IW *i) ®B T(A, ?) — n iG z(^ ®k r(4 ?)) 

is an isomorphism in Dfc. Consider the full subcategory T of V(B op ) formed by 
those objects TV such that the canonical morphism 

is an isomorphism in V k. Then T is closed under shifts, extensions, direct sum- 
mands, and contains B v for each B G B. It follows that per(S op ) is contained 
in T. By assertion 1) of the theorem, we know that for each A £ A we have 
T(A, ?) G per(i3°P), and so T(A, ?) G T. That is to say, for each A € A the map 
<p(A) is an isomorphism as desired. 

6) =S> 4) Let us denote by L : VA — s- VB the left adjoint of ? <g)^ T - lt is eas Y 
to check that L preserves compact objects. This, together with the fact that the 
unit of the adjunction (L, ?<8>g T) is an isomorphism, implies that each A^ is in the 
essential image of per£> by the functor ? <g)g T. After Corollary 13.191 this implies 
that each A A is in thicks (T(?, B) , B G B). 

7) => 6) Clear. 

l)-6) => 7) We will take T to be T* (see NotationOU). Since T(A, ?) G per(2? op ) 
for each A G A, then T*®\7 = RHomgo P (T, ?) as triangle functors from V(B° P ) -> 
X>(„4 op ) (sec part 1) of Proposition [5T24|) . Then (T®^?, T*®^?) is an adjoint pair 
whose left component is fully faithful. Moreover, we know the map a : T — > T** is 
an isomorphism in V(B° P <£> A) (see part 3) of Proposition 15. 24p . We then get that 
? ®g T =? <g>£ T** = RHom B (T*, ?) (see part 2) of Proposition as triangle 
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functors from VB to VA. It follows that (? <g>^ T*, ? ®^ T) is an adjoint pair whose 
left component is fully faithful. 

Lemma 6.5. Let T> be a compactly generated triangulated category and let F : V — > 
T be a triangle functor. If F preserves small products (resp. coproducts), then it 
has a left (resp. right) adjoint. 

Proof. Given X G T wc consider the functor 

HomrpT, Fl) : V op -> Mod k, 

which 'takes triangles to exact sequences and small coproducts to small products. 
The fact that V is compactly generated implies that it has a set of symmetric 
generators (see Dcfinition l3.14|) . But then so has V op . In particular, V° v is perfectly 
generated (see Definition 1 of [53]) and so it satisfies Brown representability (see 
Theorem A of [23]). Then 

Hom r (X,F?) = Hom^LX,?) 

for some LX E V. The assignment X H> LX yields a functor which is clearly left 
adjoint to F. y/ 

The following result is related to [3j Proposition 2.6]. 

Corollary 6.6. In the situation of Theorem \6.4\ Af = ker(? <g)g T) is a localizing 
subcategory of VB such that VA = VB/Af (see Corollary \6.1\) . It turns out that 
the following conditions are equivalent: 

1) Af is smashing. 

2) Af = 0. 

3) The functors RHom^4(T, ?) and ?®gT induce mutually quasi-inverse tri- 
angle equivalences between VA and VB. 

Proof. The pair (A^, irr^RHom^T, ?))) is a semi-orthogonal decomposition of VB. 
Indeed, with an argument symmetric to that in the proof of the final statement of 
Theorem 16.31 we just need to check that N = ± (im(RHom^(T, ))). But we have 
the following sequence of implications, for each Y in VB: 

Y e - L (im(RHom^(T, ))) if and only if 
RHom e (y, RHorru(T, ?)) = RHom^(F ®^ T, ?) = if and only if 

Y <E>^ T = if and only if 
Y G Af. 



To say that Af is smashing is then equivalent to say that im(RHom^4(T, )) is (a 
triangulated subcategory) closed under taking small coproducts in VB. But this is 
equivalent to say that im(RHom^(T, )) = VB since B A E im(RHom_4(T, )), for all 
BeB. V 

Corollary 6.7. Let A and B be dg categories and let T be a dg B-A-bimodule such 
that X(B A ) : B A ->• RHom^(T, T(?, B)) is an isomorphism in VB, for each B e B. 
Consider the following assertions: 

1) A A € thickxu(T(?, B) , B € B), for all A e A. 



34 PEDRO NICOLAS AND MANUEL SAOPJN 

2) There is a dg category C and a recollement of triangulated categories 

VA 

CO 

VB 

CO 

such that j* is naturally isomorphic to ? ®g T . 

3) There is a bijective on objects homological epimorphism F : B — > C of dg 
categories together with a recollement as above, such that j* =? <g)g T and 
i r is the restriction of scalars along F. 

Assertions 1) and 2) are equivalent and implied by 3). Moreover, if B is k-flat, the 
three assertions are equivalent. 

Proof. 3) => 2) Clear. 

2) 1) From the hypothesis one gets assertion 6) of Theorem 16.41 Then the 
implication is also clear. 

1) =S> 2) Assertion 4 of Theorem [61] holds. Hence, ?®gT has a fully faith- 
ful left adjoint L and a fully faithful right adjoint RHom^(T, ?). Then we know 
that (im(L), ker(? (g)^ T), im(RHorru(T, ?))) is a triangulated TTF triple in VB (see 
Lemma I3.12[) . 

The right part of the desired recollement is clear using [30l §2.1] and the fact 
that L induces an equivalence of categories VA im(L). Then the right adjoint 
to the composition L : VA —> im(L) ^ VB is precisely ? <E)^ T. 

The existence of the dg category C follows from |TH1 Theorem 4.3], because the 
central class 3^ of a triangulated TTF triple (X,y,Z) on an algebraic compactly 
generated triangulated category V with small coproducts is always an algebraic 
compactly generated triangulated category. Indeed, if r y is the left adjoint to the 
inclusion y — > V and S is a set of compact generators of V, then {T^(5')}s g 5 is a 
family of compact generators of y. 

l)-2) => 3) Use [301 Theorem 4]. V 

Remark 6.8. Implication 1) =>■ 2) of Corollary 16.71 partially recovers the main 
result of |40j . Therein, a ground field k is assumed, and starting from a 'generalized 
tilting' right ,4-module T, the category B is proved to be a recollement of derived 
categories in which all the functors are expressed in terms of T. In our case, and 
without assuming any kind of flatness, we are able to find a recollement starting 
from a 'generalized tilting' ,4-modulc. It is to express in terms of T the functors 
involved that we use a certain flatness. 

Proposition 6.9. Let V be a compactly generated algebraic triangulated category 
and let B be a small dg category such that V is equivalent to VB. The following 
assertions hold: 

1) If A is a small dg category and T is a dg B-A-bimodule satisfying some of 
the conditions l)-6) of Theorem \6.J\ then: 

1.1) Z = im RHom^(T, ?) is a compactly generated co-smashing subcategory 
ofV which contains all the compact objects. 
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1.2) The restrictions of RHom^(T, ?) and the left adjoint L of ? <g>g T to 
the subcategory per .4 of compact objects are naturally isomorphic. 
2) If Z is a compactly generated co-smashing subcategory ofT> which contains 
the compact objects, then there is a small (k-flat) dg category A and a 
dg B-A-bimodule T satisfying the conditions of Theorem \ 6.4\ such that 
Z = imRHorru(T,?). 

Proof. 1.1) We have seen in the proof of Theorem l6.4l that the triple (im(L), ker(?(g)g 
T, im RHorrufT, ?)) is a triangulated TTF triple in V, so that Z = im RHorru(T, ?) 
is a co-smashing subcategory. Moreover, the objects L(A A ) , A € A are all compact 
and generate \m(L) as a triangulated category. Since T>A ~ im(L) = Z, we get 
that Z is compactly generated. By condition 3 of Theorem 16.41 Z contains the all 
representable S-modulcs B A , B E B. Then Z contains th\ck-p B (B A , B £ B) = 



1.2) Let £ : Hom-p B (L(?), ?) — > Homu^(?, ?®gT) be the adjunction isomorphism. 
We still denote by £ the map £(M, X) : Horr\ VB (L(M), X) -4 \Aom VA {M, X ®% T), 
hoping that no confusion appears. In particular, for each M E T>A, we have an 
isomorphism of /c-modulcs 

£ : Hom VB (L(M), RHorru(T, M)) 4 Hom VA (M, RHorru(T, M) ®^ T). 

Due to the fully faithful condition of RHom_/i(T, ?), we know that S : RHom_4(T, ?)<8>g 
T —> Iva is an isomorphism. We put f(M) = £ -1 (5(M) -1 ), which is a morphism 
L(M) — > RHom^T, M ). It is easy to see that the maps f(M) define a morphism 
of triangle functors / : L — >• RHom_/i(T, ?). Then, by Corollary 13.221 wc know that 
the full subcategory formed by those objects M in T>A for which f(M) is an iso- 
morphism is a thick subcategory. Our task is hence reduced to prove that f(A A ) 
is an isomorphism, for each A £ A. 
We shall prove that 



f(A A )* = Hom VA {f{A A ),X) : Ho mi ,^(RHom^(r,A A ),X) -> Hom VB (L{A A ), X) 



is an isomorphism, for each compact object X of T>. Bearing in mind that L(A A ) 
and Hom^(T, A A ) are both compact, Yoneda's lemma will give then that f(A A ) is 
an isomoprhism. 

Since the full subcategory consisting of objects X of T> such that f(A A )* = 
Homx)^i(/(A A ), YPX) is an isomorphism, for all p E Z, is a thick subcategory, we 
can assume without loss of generality that X = £ P (£? A ) is a shift of a representable 
object. For simplicity, put H = RHom A (T, ?) and G ~?<E)^T. Consider the square: 



perB. 



(A(s p _B A ); 



- 1 



Hom VB {H{A A ), HG(^PB A )) 



Hom VB (H{A A ),ZPB A ) 



H 



Hom^(#,G(ffB A )) 



Hom VB (L(A A ) 



),Y,PB A ). 



Note that all the arrows in this diagram are isomorphisms, except possibly f(A A )*. 
Moreover, looking at the explicit definition of the maps involved, one can check 
that the square commutes. As a consequence, f(A A )* is an isomorphism. 
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2) By Corollary 13. 1 71 and its proof, we have a triangulated TTF triple (X, y, Z) 
on V where A' is a compactly generated triangulated category. Then the composi- 
tion 

X H V ^> Z 

(where %x is the inclusion functor and t z is a left adjoint to the inclusion functor) 
is an equivalence of categories, which induces by restriction another one 

X C ^Z C 

between the corresponding subcategories of the compact objects. Note that X c = 
X n V c . But the fact that V c C Z then implies that T Z (i x (X)) = X, for each 
X e X c . It follows that z c = x n v c . 

Let V be a set of compact generators of X. Then, by [30l Corollary 2.5], there 
is a small dg category A together with a dg ^-S-bimodule T such that 

? ®\ T : VA -> VB 

is fully faithful and its essential image is X. Note that A A (8>^ T = T(?, A) is then 
compact in VB, for each A G A. 

On the other hand, after [37], we can consider a quasi-isomorphism of dg cate- 
gories / : A — s- A, where A is fc-projective. It is clear that we can replace A by 
A and X by f*(X), where /» : C dg (A op <g> 6) C dg (U op ® S) is the restriction 
of scalars. So, without loss of generality, we assume that A is k-tiat. Then we 
define T := RHom i3 (f , B). By Proposition IST241 we know that RHomg(T, ?) and 
? <X>g T are naturally isomorphic triangulated functors VB —> VA. It follows that 
? ®g T has a fully faithful left adjoint ? ®\ T and a necessarily fully faithful (see 
Lemma T3.12p right adjoint RHom^T, ?). It follows that 

(im(? ®\ f ), ker(? ®% T), im(RHom^(T, ?)) 

is a triangulated TTF triple whose first component is X. Then we have Z = 
im(RHom^(T,?)). In particular B A e im(RHorru(T, ?)), for each B e B, and 
then the unit map A(£? A ) : £? A — >■ RHom_4(T, £? A ®^ T) is an isomorphism since 
RHorru(T, ?) and ? ®g T are mutually inverse equivalences of categories between 
P.4 and im(RHom^4(T, ?)). So T satisfies condition 6 of Theorem 16.41 

Remark 6.10. Let A and B be small dg categories. Assume A is /c-projective. Let 
T be a dg 2?-„4-bimodulc satisfying conditions l)-6) of Thcorcm l6.4l After the proof 
of l)-6) =>■ 7) we know that the left adjoint L to ? <g)g T is isomorphic to ? ®^ T*, 
where T* = RHomg(T, B) (see Notation I5.23|) . Moreover, after Proposition 16.91 
we know that L(A A ) = RHorru(T, A A ) for each A e A. Now, consider the dg 
„4-23-bimodule RHom^(T, A) as we did in Notation 15.231 but replacing the regular 
dg £>-Z3-bimodule B by the regular dg _4-„4-bimodule A (see Notation 15. 13[) . Then 



GENERALIZED TILTING THEORY 



37 



for each A £ A we have that 

RHonru(T,,4)(?,A) = 
RHom^(T, A A ) = 
L(A A ) = 
A A ®\ T* = 
T*(?,A) = 
RHomg (T, B) (?, vl) . 

We have just proved that the dg .4-S-bimodules RHorru(T, A) and T* = RHom B (T, B) 
become isomorphic in T>B after restricting scalars. 

7. Results for ordinary algebras 
7.1. The thick subcategory generated by an exceptional module. 

Lemma 7.2. Let A be a small dg category and let {M^g/ be a family of right dg 
A-modules such that, for each integer p £ Z and each object A £ A, the set I(p, A) 
formed by those indexes i £ I such that H p Mi(A) ^ is finite. Then the canonical 
morphism 

]j m z ^ n m » 

iei iei 

is a quasi-isomorphism. 

Proof. For each integer p £ Z and each object A £ A, the homology functor 

CA -> Mod Z,M4 H P M (A) 

preserves products and coproducts, since products and coproducts are exact in 
Mod Z. Then we get a map 

HH*Mi(A) = HPqjM^A) -+ W(Y[Mi)(A) <* JJ fPMi(A). 
ie/ i£i ie/ ;e/ 

But the hypothesis implies that this map is bijcctive. \J 

Proposition 7.3. Let A be an ordinary algebra and T an A-module such that 
Ext^(T, T) = for all p > 0. 27ien: 

1) thicku^T) consists of those complexes which are isomorphic in T>A to di- 
rect summands of bounded complexes of modules in surriMod a(T). 

2) The quotient functor HA — > T>A induces a triangle equivalence between the 
full subcategory of HA formed by complexes isomorphic to bounded com- 
plexes over sum Mod A (T) and triapA(T). 

Proof. By Lemma 2.2.2] we know that th\ck VA (T) = addx)A(tria-D j4 (7 1 )). Thus 
we just need to prove 2). It is clear that the objects of tria-^(T) are precisely 
the complexes isomorphic in HA to bounded complexes over sum Mod a(T). We just 
need to check that the composition 

tria^yt(T) HA A VA 
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is fully faithful, where q is the quotient functor. For this, we will use an argument 
used by Keller [18]. Consider the full subcategory U of X.r\auA{T) formed by those 
objects M such that the map 

Hom-H A (T, YPM) -> Hom VA {T, T, P M) 

induced by q is an isomorphism for every p G Z. We have that U contains T (here 
we use that Ext^(T, T) = for p > 0) and it is closed under extensions and shifts. 
Thus U = tr\a-uA(T). Now consider the full subcategory V of tria-^^T) formed by 
those objects N such that the map 

Hom H A(N, T, P M) -> Hom VA (N, YPM) 

induced by q is an isomorphism for every p G Z. We have already proved that V 
contains T. But V is closed under shifts and extensions. Thus V = tria-^^T). -y/ 

Lemma 7.4. Lei A be an ordinary algebra, T an A-module, B = End a{T) and — > 

Y -^T° -At 1 an exact sequence where T p G add ModA (T) and Extern (/), T) = 0. 
Then 

a(Y) : Y Hom B o P (Hom A (y, T), T) , y ^ (f ^ f(y)) 
is an isomorphism. 

Proof. We have a commutative diagram 





Y - Hom J3 o P (Hom A (F,T),r) 

T° Hom B o P ( Horn A (T°,T),T) 

T 1 ^—i Hom B o P (Hom A (T 1 , T),T) 

with exact columns, where o~(T°) and o~(T 1 ) are isomorphisms. \J 

Proposition 7.5. Lei A be an ordinary algebra and let T be an A-module such 
that Ext^ (T,T) = for all p > 0. The following assertions are equivalent: 

1) A £ thicker). 

2) There is an exact sequence 

o -> a -> r° -> r 1 -> . . . -> r -> 

m'tt T l G addMod aCL) /or oK i = 0, 1, . . . ,n. 

Proof. Implication 2) =>■ 1) is clear. Let us prove 1) 2). By Proposition 17.31 we 
know that there is a section 

A^T' 

in T>A, where T* is a bounded complex 

. . . -> -> T~ m -> . . . -> T" 1 -> T° -> T 1 -> . . . -> r -> -> . . . 
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in which each T p is in surriMod a(T). Since A is homologically projective in HA, 
this morphism in DA is represented by a cochain map / <G Y\omcA{A,T'). In CA 
we have a factorization of / 

/ :44^(r) -> T* 

where a-°(T°) is the stupid truncation 

. . . — s- — > T° — s- T 1 — s- . . . ^ T" — s- ^ . . . 

Hence / also induces a section in PA. Thus we can assume that in the morphism 
/ G V\omx>A{A,T') the codomain T* is concentrated in non-negative degrees. We 
fix a decomposition T* = A © X in PA, and let e e Endx>A(r*) the idcmpotent 
corresponding to the matrix 




1 



A © X -> A © X. 



By part 2) of Proposition 17.31 we know that e is represented by a cochain map that 
we still denote by e. Let 

?:...-»• T _1 -> T° -> f 1 ^ . . . ^ T" ^ ^ . . . 

be its mapping cone. We then have an isomorphism of triangles 



A©X 




1 



A©X 



1 





AffiEA. 



1 





T* 



■ T ■ 



ET* 



where the triangle at the top is the direct sum of the two split triangles 



A 



A ■ 



1 



A©EA. 



EA 



and 

We then get that f = A © EA in DA, and so: 

i) ffP(T) = for p -1,0. 

ii) There is a section A — ► T in DA. 

Taking again the stupid truncation a-°(T), we can deduce that we have a section 
A ->• f in DA where 

f : . . . -> -> f -> . . . -> T " -> -> . . . 

is a bounded complex over surriModA^) with homology concentrated in degree 0. 
Note that H°(T) — A © X and that we have a quasi- isomorphism g : H°(T) -> T. 
Let us denote by (?)* the contravariant functor 

Hom A (?,T) : CA^C{B op ). 

Since Ext^(T, T) = for p > 0, the cochain map 

f* ^> ff°(f)* = A* ©X* 
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yields a projective resolution in Mod B op consisting of finitely generated terms. 
Choose now projective resolutions 

P(A,T) A* 

and 

P(X,T) ~^ X * 

in ModB ?. The Comparison Theorem (see [MJ Theorem 2.2.6]) tells us that T* 
is isomorphic to P(a,t) © P(x,T) m T~L(B op ). This means that there are contractible 
complexes C and C" in C{B° P ) such that 

f * © C = P {A ,T) © P(X,T) © C 

in C(B° P ). Let us denote also by (?)* the contravariant functor 

Hom B o P (?,T) :C(B op )^CA. 
After applying it we get an isomorphism 

T** ffl f* ~ p* ffi P* ffii C'* 
± tp o — *(A,T) ^ (X.T) ^ ^ 

in CA Note that C* and C* are again contractible complexes, and that T** = T 
in CA. Thus, P? A T s is isomorphic in HA to a bounded complex Q over addMod A (I 1 ) 
concentrated in non-negative degrees and with homology concentrated in degree 
isomorphic to A**. Finally, since A is a direct summand of a kernel, H°(T), of 
a morphism T° — > T 1 between objects of surriMod a(T), Lemma [7.41 implies that 
A** = A in Mod A. Thus 

O^A^QV^Q 1 ^...^ Q" -> 

is the required sequence. \J 

Remark 7.6. Proposition 17.51 is obviously false if we replace A by an arbitrary 
A-module. Indeed, if M is an indecomposable non-projective finite-dimensional 
module over a finite-dimensional hereditary algebra A, then Horn a(M, A) = and, 
however, X e thick-p^A). 

7.7. Consequences of the results on dg categories. The following consequence 
of Theorem 16.31 for ordinary algebras shows that in that context, the fact that 
? ®^ T is fully faithful is related to the notion of tilting module. Recall that a 
(right) module M over an ordinary algebra A is called self-small if the canonical 
map 

Horru(Af,Af) (Q) -> Hom A (M,M (Q) ) 

is bijective. 

Corollary 7.8. Let A and B be ordinary algebras and T be a B -A-bimodule. Con- 
sider the following assertions: 

1) ? <g>5 T : VB — > VA is fully faithful. 

2) The structural algebra homomorphism B — > End^(T) is an isomorphism, 
T is self-small as a right A-module and Ext\ (T,TW) = 0, for all integer 
i > and all cardinals a. 

Then 1) =>■ 2) and, in case RHorruCT, ?) : VA — > VB preserves small coproducts of 
objects in Triap a(T), the converse is also true. 
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Proof. For each cardinal a, the unit map 

A(B (Q) ) : B (a) -> RHom A (T,B^ ®%T) = RHom A (T, T (q) ) 

is an isomorphism if, and only if, Ext^ (T,T^ a >) = 0, for all integers i > 0, and the 
canonical map 

Hom A (T,T)W -> Horru(T, T^) 
is an isomorphism. Then the result is a direct consequence of Theorem 16.31 y/ 

The following result proves at once both the first part of jTOJ Lemma 4.2] and 
its converse. 

Corollary 7.9. Let A and B be ordinary algebras and T be a B — A—bimodule. 
The following assertions are equivalent: 

1) There is a recollement 



VB 



j< 




such that j< =? ®^ T. 
2) The following conditions hold: 

2.1) The structural map B EndA(T') is an isomorphism of algebras. 

2.2) As a right A-module, T admits a finite projective resolution with finitely 
generated terms. 

2.3) Ext^(T, T) = 0, for all i > 

Proof. Due to the verfication of Brown representability theorem and to Lemma [3.121 
the recollement of assertion 1) exists if, and only if, ? <8>^ T is fully faithful and 
RHorru(T, ?) : T>A — > T>B preserves small coproducts. But RHom^T, ?) preserves 
small coproducts exactly when T £ per A, i.e., when 2.2) holds. But in this case 
the right A-module T is self-small and we have an isomorphism 

Ext^(T,T) (Q) = ir(RHorru(T,T) (Q) ) ^ iP(RHorru(T, T {a) ) = Exf A (T, T (q) ), 

for each integer i > and each cardinal a. The result is now a direct consequence 
of Corollary EH V 

As a consequence of Corollarv l7.9l we have the following result, which generalizes 
the recollement of [TUl §6.1] and QUI Theorem 1.3]. 

Corollary 7.10. Let A be an ordinary algebra, let W be an injective cogenerator 
of Mod A and let U be a right A-module satisfying the following two condictions: 

1) Ext l A (J7, U) = 0, for all i > 0. 

2) There is a natural number n and an exact sequence — > U~ n 
U- 1 -> U Q -> W -> 0, with U l £ add([/) for i = -n, -1, 0. 
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If A = End A {W) , B = End A {U) and T = Hom A (U, W), which is a A-B-bimodule, 
then there is a recollement 



v. 




such that j\ =? <E>\ T. 

Proof. We shall prove that conditions 2.1)-2.3) of Corollary [TjH hold (with the pair 
of algebras (B,A) replaced by (A, B)). 

The key point here is that the functor Hom^t/, ?) : Mod A Mod B keeps exact 
the sequence in 2). On the other hand, the trace map Hom^t/, U l ) ®b U —> U % 
is an isomorphism since U l € add^od a(U) , for each i = — n, — 1,0. The left 
exactness of the functor ? ®b U then implies that also the trace map T (gig C7 = 
Horn a(U, W) ®b U — > W is an isomorphism. From that it follows easily that 
the map A : A = End^VK) — > Ends(T) given by the functor Hornet/, ?) is an 
isomorphism. Then condition 2.1) in Corollary 17.91 holds. 

On the other hand, applying the functor Hom A (U, ?) to the exact sequence in 
2), we obtain a finite projective resolution of T as a right i?-module, which consist 
of finitely generated terms since U l E add(C7) for all i. Therefore condition 2.2) in 
Corollary 1 7 . 91 holds . 

It remains to check that Ext l B (T,T) = 0, for all i > 0. We need to prove that, 
for each i = — n, — 1, the sequence 

Hom B [(U, C/ l+1 ), (B, W)] -> Hom B [(E7, U l ), (B, W)\ ->■ Hom B [(£7, U 1 ' 1 ), (B, W)] (*) 

is exact at the central point, where (U, X) = Horn a(U, X) for each right A-module 
X . But the argument in the second paragraph of this proof essentially proves that 
the functors Horn a(U, ?) and ? <E>b U induces mutually inverse maps 

Hom A (£/', W) ^ Hom B [(C7, U'), (U, W)}, 

for each U' G add(UA)- It follows that the exactness of the sequence (*) is tanta- 
mount to the exactness at the central point of the sequence 

Hom A {U i+ \W) -> Hom A {U\W) -> Hom A (U l -\ W), 

which is clear since W is an injective right A-module. y/ 

Remark 7.11. Note that if A is a ring with Morita selfduality {e.g. an Artin 
algebra) and W is the minimal injective cogenerator, then A and A are Morita 
equivalent in the above example. Compare with [101 Theorem 1.3]. 

The following consequence of Theorem 16.41 is related to [3l Theorem 2.2]. 

Corollary 7.12. Let A and B be ordinary algebras andT be a B-A-bimodule. The 
following assertions are equivalent: 

1) The following conditions hold: 

a) T is a faithfully balanced bimodule. 

b) Ext^(T, T) = = Ext^ op (T, T), for all p > 0. 
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c) T admits a finite projective resolution with finitely generated terms as 
left B-module. 

2) RHorri/i(r, ?) : T>A — > T>B is fully faithful, preserves compact objects and B 
is in its essential image. 

3) The following conditions hold: 

a) The structural algebra morphism B — > End a{T) is an isomorphism. 

b) Ext p A (T,T) = for allp>0. 

c) There exists an exact sequence in Mod A 

o -> a -> r° -> r 1 -> . . . -> r -> 0, 

where the T l are direct summands of finite direct sums of copies of T . 

4) The following conditions hold: 

a) The structural algebra morphism B — > End^(T) is an isomorphism. 

b) T®Y>. : V(A°p) ->• V(B°p) is fully faithful and has a right adjoint 
which preserves coproducts. 

5) The following conditions hold: 

a) The structural algebra morphism B — > End^T) is an isomorphism. 

b) Ext%(T, T) = /or all p>0. 

c) T/ie functor ! ®\T :VB ^>VA has a fully faithful left adjoint. 

Proof. Let us regard the ordinary algebras A and B as dg categories A and B. 
Then statement 1 (resp. 2, 3, 4, 5) correspond to statement 1 of Theorem l6.4l fresp. 
2, 4, 5, 6). V 



The next result is also a consequence of Theorem 16.41 

Corollary 7.13. Let A be an ordinary algebra, T a right A-module and B = 
End^T). Assume T has finite projective dimension over A and £xt\ (T,T^) = 
for each cardinal a. The following conditions are equivalent: 

1) T is a good tilting module over A. 

2) RHom^T, ?) : T>A — > T>B is fully faithful and preserves compact objects. 
Finally we deduce: 

Corollary 7.14. Let A be a k-projective ordinary algebra, T a right A-module 
satisfying the following conditions: 

a) T admits a finite projective resolution consisting of finitely generated terms. 

b) There exists an exact sequence — > A — > T° — > . . . — > T n — > in Mod A, 
with T 1 e add(T), for all i > 0. 

c) Ext^ (T, T) = for alli>0. 

If B = End(TA) then Ext l A (T, A) and Ext£ 0p (T, B) are isomorphic k-modules, for 
all i > 0. 

Proof. Just take homologies in RHom^T, A) and RHomso P (T, B) and use Re- 
mark 16.101 ^/ 
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Lemma 7.16. Let A and B be ordinary algebras, and T an A-B-bimodule such 
that pd A (T) < 1. Let 5 be the counit of the adjoint pair 



VA 



RHomA(T,?) 



VB, 

and let £ be the counit of the adjoint pair 

Mod A 



5bT 



Hom A (T,?) 



ModB. 

The following assertions hold: 

1) There are morphisms 

n : Tor* 2 (Ex£(T,?),T) Torf (Hom A (T, ?), T) , i > 0, 

of endofunctors of Mod A. 

2) There is a commutative diagram with exact columns formed by endofunctors 
of Mod A and morphisms between them 



Torf(Ext^(r, ?),T) 



Horner,?) (Sib T ■ 



#°(RHom A (T, ?) ®l T ) H ° (S) 



L Mod A 



LMod A 



Torf(Exti(T,?),T) 

3) For an A-module M we have that 8m is an isomorphism if and only if the 
following conditions hold: 

a) (Ti)jvf is an isomorphism for all i > 0, 

b) (to)m is a monomorphism, 

c) H°(Sm) is an isomorphism, 

d) Ext\{T,M)® B T = 0. 

Proof. Let M be a right A-module. Consider the triangle 

T< RHom A (T,Af) -> RHom A (T,A/) -> t>i RHom A (T,M) 4 

in T>B formed by using canonical truncations. Since the right A-module T has 
projective dimension at most 1, the complex of -B-modules RHom^T, M) has ho- 
mology concentrated in degrees and 1. Thus 

r< RHorru(T, M) = H° RHom j4 (T, M) = Hom M (T, M) = Hom A (T, M) 

and 

t>i RHom A (T, M) ^ H^H 1 RHom A (T, M) = XT 1 Homp^T, EM) 5T 1 Ext\(T, M). 
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Therefore, there is a triangle in T>B of the form 

Horn A {T,M) -> RHom A (T,M) -> 5T 1 Ext A (T, M) 4 
After applying ? £§)^ T we get a triangle 

Hom A (T, M) ®^ T ->■ RHorru(T, A/) ®^ T -» XT 1 Ext A (T, M)®^t4 

in 2? A which is functorial in M. Finally, we consider the long exact sequence of 
homology, bearing in mind that H~ l {N®% T) = Torf (N,T) for each S-module N 
and each i > 0. \/ 

Proposition 7.17. Let A oe a rig/it hereditary ordinary algebra, B a dg algebra 
and T a dg B -A-bimodule with bounded homology. The following assertions are 
equivalent: 

1) RHom A (T, ?) : VA -> PB is /u% /aiift/wZ. 

2) TTie counit 

S A(a) : RHom A (T, A<°') ®# T -> 

is an isomorphism in T>A for each cardinal a. 

3) TTie counit 

6i : RHorru(T,/)«)L T j 

is an isomorphism in T>A for each injective A-module I . 

4) T7ie counit 

5 TW : RHom A (T,T (Q) ) ®| T -> T (a) 

is an isomorphism for all cardinals a, and there is a cardinal /3 such that 
A g thick Py i(T W )- 

Proof. Implications 1) => 2) and 1) =>■ 3) follow from part 2) of Lemma T3. 251 

2) =>■ 1) Let Coref the full subcategory of T>A formed by the coreflective objects 
with respect to the adjoint pair 

VA 

RHom A (T,?) 

VB 

Condition 2) says that A^ belongs to Coref for each cardinal a. Using that 
Coref is thick (see Lemma f3.26[) and that every ^-module admits a finite projective 
resolution, we deduce that each A-module M satisfies that S m M £ Coref for any 
integer m £ Z. The fact that A is right hereditary implies that for any complex M 
of A-modules we have 



J YT n H n M = M = Y[ T,~ n H n M. 



n£Z n£Z 



The task is then reduced to prove that if {M„}„ 6 z is a family of A-modules, then 
Llnez ^ n M n € Coref. Indeed, thanks to Lemma 1731 we have 

RHom A (T, [] S n M n ) £* RHom A (T, [] S n M n ) S J| RHom A (T,S"M n ). 

nGZ n£Z n£Z 
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Using that T is isomorphic in T>A to a bounded complex of projective modules, we 
get that the family {RHorru(P, E ri M n )}„ e z satisfies the hypothesis of Lemma I7T21 
Thus we still have 

[] RHom A (T,S"Af„) £* ]J RHom A (P, S"M„). 

n£Z nSZ 

Summarizing, we have 

RHom A (T, [] S n M n ) £* [] RHom A (T, S"M n ). 

It immediatly follows that ]J ngZ T, n M n is in Coref , as desired. 

3) => 1) The fact that each A-module M admits an injective resolution 

-> M -> 7° -> J 1 -> 

implies that 5m is an isomorphism. Now use the same argument of the implication 
2)=>1). 
1)^4) 

Step 1: RHom a(T, A) is a special Milnor colimit: let us prove that we can express 
RHorru(T, A) as a Milnor colimit in T>B of a sequence 

P -> P -> P 2 -)■ . . . 

where Po and the cone over each morphism is a finite coproduct of objects of 
the form E m P(" m ) for some integer m and some cardinal a n . Indeed, to express 
RHorru(T, A) as a Milnor colimit of finite extensions of coproducts of shifts of copies 
of B we proceed as in the proof of jTSJ Theorem 5.2] (see also |22[ Theorem 12.2]). 
We start by considering a right approximation 

7T : P -> RHom A (T,A) 

of RHom J 4(T, A) with respect to the full subcategory formed by small coproducts 
of shifts of copies of B. But using that T has bounded homology and that A is 
right hereditary, we prove that T is isomorphic in T>A to a bounded complex of 
projective ^4-modules. This implies that RHoitia(T, A) has bounded homology, and 
so Pq can be taken to be a finite coproduct of objects of the form £" l _B( Q m) for 
some integer m and some cardinal a n . Consider the triangle 

C P RHom A (T, A) » EC . 

The next step is to consider a right approximation 

Po : Zq — > Co 

with respect to the full subcategory formed by small coproducts of shifts of copies 
of B. We define Pi by using the triangle 

Z ^Xp Q .p ^EZo. 

The fact that both Po and RHom/i(T, A) have bounded homology, implies that Co 
also has bounded homology. Hence, we can take Zq to be finite coproduct of objects 
of the form £ m p( Q ">) for some integer m and some cardinal a n . Continuing in this 
way, we get the required sequence. 

Step 2: After step 1, and taking into account the isomorphism 

A = RHorru(P, A) ®\ T, 
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we conclude that A is the Milnor co-limit in T> A of a sequence 

Po ®b T -> p i ®b T -> • ■ • 

where Po ®g T and all successive cones are finite coproducts of objects of the form 
S m T ( am ) for 

some integer m and some cardinal a n . The compactness of A implies 
that the isomorphism 

A ^ McolimP„ ®g T 

factors through the canonical map 

Pk®B T ^ Mcolim P n ®\ T 

for some k G N. Therefore, A is a direct summand of Pk ®^ T, which belongs to 
thicku a(T^') for some cardinal f3. 

4) =S> 2) We know A G thick Cj4 (7 l(/3) ) for some cardinal f3. After [3 Lemma 2.2.2] 
we have 

thicW(T(«) = add^tria^T^)). 

Thus A is a direct summand of an object of tnaT>A(T^'). Hence, for any cardinal 
a, we have that A^ is the direct summand of an object of tv\3T>A{T^ a '^). On 
the other hand, we are assuming that T^ a '^ belongs to the set Coref of coreflective 
objects with respect to the adjunction (? <S>g T, RHorru(T, ?)), which is a thick 
subcategory ofVA (see Lemma T3.26p . Thus A^ G Coref. \J 

Corollary 7.18. Let A and B be ordinary algebras. Assume A is right hereditary. 
Let T be a B-A-bimodule. Consider the following assertions: 

1) RHorru(T, ?) : VA -> VB is fully faithful. 

2) For each cardinal a the module A^ satisfies the following conditions: 

a) (Ti) A ( a ) is an isomorphism for all i > 0, 

b) (to) j 4( q ) is a monomorphism, 

c) H°(S A ( a )) is an isomorphism, 

d) Ext^(T,A( Q ))® B T = 0, 

where the morphisms Tj are defined in Lemma \ 7. 1 6\ 

3) For each infective right A-module L the following conditions hold: 

a) Torf (Horru(T, I), T) = for each i > 0, 

b) The counit 

ei : Hom A (T,I)® B T -> / 

is an isomorphism. 

4) T satisfies: 

a) There is a short exact sequence — > ^4 — > Tq — > T\ — > in Mod A 
where T % G Add(T). 

b) Tor^(Hom/i(r, T^), T) = /or eac/i i > and eac/i cardinal a, 

c) TTie counit 

e TW : Hom A (T, T< Q >) ® B T -> T<°0 

is an isomorphism for each cardinal a. 

Then 1), 2) and 3) are equivalent, and they are implied by 4). Moreover, if 
Ext\(T, T^) = for each cardinal a, the four conditions are equivalent. 
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Proof. After Lemma 17.161 and Proposition 17.171 the equivalence between 1), 2) 
and 3) is clear, and it is also clear that 4) implies 1). Assume now 1) holds 
and that Ext^(T, P"') = for each cardinal, and let us prove 4). By Proposi- 
tion [7TTT] we know there exists a cardinal f3 such that A G thick-p^T'' 3 '). Since 
Ext^ (T^'^W) = for all p > 0, Proposition 1731 savs that there is an exact 
sequence 

-> A -> T° ^ T 1 ^ . . . T n -»■ 

with T l e AddMod for alH = 0, 1, . . . , n. Now put Z i = ker(<P). If n > 1 then 
for any ^4-module M we have an epimorphism 

Ext^M^"- 1 ) -> Exti(M, Z"- 1 ) 

since Ext A (?, ?) = 0. Therefore, Ext^(?, Z n_1 ) vanishes on AddMod a{T) because so 
does Ext^T™" 1 ). It follows that the sequence 

-> Z™" 1 -> T' 1 " 1 -> T" -> 

splits and so Z n_1 G AddMod Repeating the argument we get that the objects 

Z n ~ x , . . . , Z 1 G AddMod a(T) and so condition a) holds. 

Conditions b) and c) follow easily after applying H l to the counit 

S TW : RHom A (T,T {a) )®^T ^T {a \ 

V 

Remark 7.19. If in Corollary EE] condition Ext\(T, T^) = holds, then T is 
1-tilting (see Definition 12. 1|) . 

7.20. Study of some natural families of modules. 

Notation 7.21. Let A be an ordinary algebra. Let V <oa {A) be the full subcategory 
of Mod A formed by those modules with finite projective dimension. Consider the 
following full subcategories of V <0 °(A): 

• £ , formed by those modules T such that Ext^(T, T) = for p > 0. 

• T, formed by those modules which are (n-) tilting modules. 

• W , formed by those modules such that as modules over their endomorphism 
algebra have a finite projective resolution with finitely generated terms. 

• 7Z, formed by those modules T such that the functor RHom a(T, ?) : T>A —> 
VB is fully faithful, where B = End^(T). 

• 1Z, formed by those modules T such that the functor RHom a(T, ?) : T>A — > 
T>B is fully faithful, preserves compact objects and B is in its essential 
image, where B = End^T). 

Theorem 7.22. Let A be an ordinary algebra. If T is an A-module, we will use 
the letter B to refer to End a(T). The following assertions hold: 

1) Using the Notation \7.21\ we have: 7Z = £ l~l 7Z PI H b and T tlTZ is precisely 
the class of good tilting modules. 

2) If Ext p A (T,T) = for each p > and RHorru(T,?) : VA -> VB is fully 
faithful, then T , as a left B-module, is quasi-isomorphic to a right bounded 
complex of finitely generated left B -modules. 

3) There are right A-modules T satisfying the following conditions: 

a) pd A T< 1, 
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b) the functor RHom a(T, ?) : DA — > DB is fully faithful, preserves com- 
pact objects and B is in its essential image, 

c) T does not satisfy condition c) of Definition [Ol and so it is not a 
tilting module. 

4) There are right A-modules T satisfying the following conditions: 

a) pd A T< 1, 

b) the functor RHom A (T, ?) : DA — S- DB is fully faithful, 

c) T, regarded as a left B-module, has a finite projective resolution with 
finitely generated terms, 

d) Ext\(T,T)^0. 

5) There are right A-modules T satisfying the following conditions: 

a) T is a 1-tilting module, 

b) T , regarded as a left B-module, does not have a projective resolution 
with finitely generated terms (and hence RHom^T, ?) : DA — > DB is 
not fully faithful). 

6) There are right A-modules T satisfying the following conditions: 

a) pd A T < 1, 

b) T, regarded as a left B-module, has a finite projective resolution with 
finitely generated terms, 

c) Ext p A (T, T) = for each p>0, 

d) RHom A (T, ?) : DA DB is not fully faithful. 

Proof. 1) If T e K, then Theorem|0]says that T e per(B°P), and that REncU(T) = 
B, from which we deduce that T G E R U h . Conversely, if T e £ n K n U h , then 
T e per(B°P) and so ?®gT : DB — > DA preserves products (see the implication 1)- 
5) => 6) in the proof of Theorem l6.4[) . Then, by Lemma l675l we know that ?<E>]^T has 
a left adjoint which, by Lemma T3.121 is fully faithful. On the other hand, the fact 
that B = EncU(T) and T e £ imply that the unit map A : B -> RHom j4 (T, B®^T) 
is an isomorphism. It follows that condition 6) in Theorem l6.4l holds. so that T € 1Z. 

If T is a good tilting module, then Example 15.111 and Theorem 16.41 implies that 
it belongs to Tr\lZ. Assume now that T € TCiTZ. To prove that it is a good tilting 
module we just have to show the existence of an exact sequence 

O^A^TWIW...^ T m -> 

in Mod A with the modules T t in add(T). This follows from Corollary [7. 121 

2) From the hypothesis we have Ext\(T, T a ) = for each i > and each cardinal 
a. Thus 

RHom A {T,T a ) = Hom A (T,T°) = B a 

in D(-B). Now, using the counit of the adjunction (? <Ei^ T, RHorru(T, ?)), we have 
an isomorphism 

B a ®^ T = RHom A (T, T a ) ®^T^ T a . 

Using Proposition 17.241 below we finish the proof. 

3) Assume A is a non-Ncetherian right hereditary algebra. Let us take 

T = E(A)®E{A)/A®I, 

where E(A) is an injective envelope of A and / is any injective cogenerator contain- 
ing a copy of each cyclic A-module as a submodulc. Then T satisfies condition 3) of 
Corollary I7.12[ and so condition b) of 3) holds. However, by a result of Faith (see 
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[U Theorems 25.1 and 25.3]) we know that is not injective. Now, we apply 

the argument of the second step in [3lJ Lemma 7] to see that Ext A (T, T^) =^ 0. 

4) Let A be a right hereditary algebra and let T be a generator of Mod A. Then 
we have a decomposition A® X = T n in the category of right ^4-modulcs, for some 
natural number n. From here we get a decomposition 

T®ttom A {X 1 T) = B n 

in the category of left i?-modules. In particular, T is a finitely generated and 
projective left i?-module, and so it is flat over B. In particular, conditions a) and 
b) of part 3) of Lemma [7.161 hold, and H°(5m) gets identified with sm for any 
module M. But Gabriel-Poppescu theorem (see [36l Theorem X.4.1]) implies that 
em is an isomorphism. According to assertion 2) of Corollarv l7.181 our task reduces 
to find the generator T such that Ext A (T,T) jt and Ext\{T, A^) ® B T = for 
each cardinal a. To do that we take any A-module X such that Horrid (X, A) = = 
Ext A (X, X) and Ext^A, A) ^ (for instance, X can be any non- projective simple 
module, assuming A to be an Artin algebra or, more generally, a right artinian 
algebra). Our choice is 

T = A 8 A, 



in which case 



B 



A 
A B' 



with B 1 = EncU(A). Note that in the category of left £?-modules we have 



T^B-ei 



where 



ei 



1 




When we view right i?-modules as 'rows' in the customary way (see e.g. [2 Propo- 
sition III.2.2]), we get 

Ext^(T,A( a >)® B T = 
Ext\(T,A^)® B B ei = 
Ext\(T,A^) ei = 
[ Ext\(A,A^) Ext\(X,A^) ] ex = 

[ Ext\(X,A^)) } 



1 




= 0. 



5) Let A be a right Noetherian and right hereditary algebra, let E(A) be an 
injective envelope of A in the category of right A-modulcs. Assume that 

Hom A (E(A)/A,E(A)) = 

and there is an indecomposable direct summand Iq of E{A)/A with infinite mul- 
tiplicity. Let / be the direct sum of one isomorphic copy of each indecomposable 
direct summand of E(A) /A. Note that the fact that A is right hereditary implies 
that E(A) I A is injective, and so / is also injective. The injective module 



T = E(A) © / 
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is clearly 1-tilting. Moreover, we have 

„ \ End A (E(A)) 
B = End A (T) = [ HomA{E(A)jI) 

and the exact sequence 

0^ A->E(A) ->E(A)/A 
of right ^4-modulcs yields an exact sequence 

-> Hom A (£;(A)/A,/) -> Horru(£(A),T) 
of left i?-modules, with 

Hom A (E(A),T) Be 1 , 

where 





End A (i) 
-» 



-> T -> 



ei = 



In particular, Bei is a projective left i?-module, and if T, regarded as a left £?- 
module, had a projective resolution with finitely generated terms, then the left 
-B-modulc Horn A (E(A)/ A, T) would be finitely generated. Fix now an epimorphism 

p:B n ^ Hom A (E(A)/A,T) 

of left B-modules. Fix also a decomposition 



E(A)/A = J, 



(N) 



E'. 



Note that In is a direct summand of T, and let e : T 



T be the correspond- 



ing idempotent of B. Thus, for each finite subset F of N, we have that 

(5e)( F >- Hom A (4 F \T) 

is a projective direct summand of Hom A (E(A)/A, T), and hence, also a direct 
summand of B n . Therefore, 



i„ = ,,U,M^op((B e )( F ),T) 

is a direct summand of HomB°p(S",T) = T n in the category of right ^4-modulcs. 
But this is a contradiction for it is well-known that T is a direct sum of modules with 
local endomorphism ring (see (231 Theorem 3.48 and 3.52]). Then due to Azumaya's 
theorem (see [U 12.6] and [24j Remark after Corollary 3.53]), the decomposition of 
T n into a direct sum of indecomposables is unique and we know that In appears in 
it with multiplicity exactly n. 

It remains to prove the existence of a right Ncetherian right hereditary algebra 
as the one required in the previous proof. Consider the (first) Weyl algebra 

A = Ai(k) = kip, q)/(pq-qp-l) 

over a field k with characteristic 0, the vector space S = k[x] of polinomials in one 
variable with coefficients in k, and the A:- algebra morphism (known as the standard 
representation) 

A^End k (S) 

which sends p to d/dx and q to multiplication by x. It is well-known that S becomes 
a simple A-module with End^S) — k (see [T^J §4.6.3]). From the fact that A has 
no non-zero divisor (see Corollary 7.11.3]) we deduce that 

Hom A (S,E(A)) = = Horn A (E(A)/ A, E(A)), 
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and so 

Hom A (S,E(A)/A) 4 Ext\(S,A). 
It remains to check that Ext^S 1 , A) is infinite dimensional over k, for that will mean 
that Jo = E(S) is an indecomposable direct summand of E(A)/A with infinite 
multiplicity. Indeed, a projective resolution of S is given by 

a- A — ^->- A ^0 

where A(/) = qf. Then we get an exact sequence of left A-modules 

= Hom A (S, A) ^ A A ^ Ext^(5, A) -> 

where A v (/) = fq. Therefore, 

Ext^(S*,A) = A/Aq = k[x] 

is infinite-dimensional. 

6) Take any hereditary Artin algebra A and let T be a finitely generated projec- 
tive A-module which is not a generator of the category of right A-modulcs. Then 
condition a) of part 4) of Corollary 17.181 is not satisfied and so RHorr\x>A(T, ?) : 
T>A —¥ T>B is not fully faithful. On the other hand, B is also a hereditary Artin 
algebra and T is a finitely generated left B-module. Therefore, as a left i?-modulc, 
T has a projective resolution consisting of finitely generated terms. 

V 

Remark 7.23. Statement 1) of Theorem 17.221 gives a characterization of good 
tilting modules among all tilting modules. But in fact, from the proof of 1), we 
get that a right A-modulc T is a good tilting module if and only if it satisfies the 
following conditions 

a) Ext^(T, TW) = for each p > and each cardinal a; 

b) T has a finite projective resolution over B = End a(T) with finitely gener- 
ated terms; 

c) A — > Endgop (T) op is an isomorphism; 

d) Ext^ op (T, T) = for each p > 0. 

Proposition 7.24. Let B be an ordinary algebra and let T be a complex of left 
B-modules such that H P T = for p> 0. The following assertions are equivalent: 

1) T is quasi- isomorphic to a right bounded complex of finitely generated pro- 
jective left B-modules. 

2) The canonical map is an isomorphism in T>(B op ) for each 
cardinal a. 

Proof. 1) 2) Without loss of generality, we can take the complex P of finitely 
generated projective left i?-modulcs in 1) vanishing in degrees > 1. Let 

/ : P -> T 

be a quasi-isomorphism. Since P is homotopically projective, we have a commuta- 
tive square in the category of complexes of i?-modulcs 

B a ® B P = B a ®\ P P a 

i® L / r 
B a ®^ t r 
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It is clear that f a and 1 C3> L F are isomorphisms in T>(B° P ). Hence, the horizontal 
morphism in the bottom is an isomorphism in if and only if so is the horizontal one 
in the top, which is the case as one can deduce from |36[ Lemma 1.13.2]. 

2) =>■ 1) Without loss of generality, we can assume that H P T = for p > 0. 
Thus T is quasi-isomorphic to its canonical truncation r<oT, which, thanks to 
Lemma [5T2T1 also satisfies that the map 

B a ® B (r< T) (t< 7T 

is a quasi-isomorphism for each cardinal a. Note that t<qT is quasi-isomorphic to 
a complex P of projective left P-modules such that P n = for n > 0, and thus 
P also satisfies that B a ®^ P — > P a is a quasi-isomorphism for each cardinal a. 
Since P is an H-projective left dg P-module, then B a ® B P = B a ®b P- Since 
B a ®b P P a is a quasi-isomorphism, we have that a commutative square in the 
category of left P-modulcs, 

H°(B a ® B P) H°(P a ) 

1 1 

B a ® B H°(P) H°(P) a 

This implies that B a 0b H°(P) — > H°(P) a is an isomorphism for each cardinal 
a, and so, after [SHI Lemma 1.13.2], we deduce that H°(P) is a finitely presented 
left £?-module. Therefore, we can replace P by a quasi-isomorphic complex Pq of 
projective left S-modules such that Pq = for n > and Pq is finitely generated. 
In what follows we inductively construct a sequence 

. . . -> p 2 h p 1 h p 

of quasi-isomorphisms of complexes of left -B-modules satisfying: 

a) P* = for all i > 0, 

b) P* is finitely generated and projective for each — n <i<0, 

c) P 7 j = F^_! and /* : P l n -> P*_ : is the identity map for -n + 1 < i < 0. 

Once this sequence has been constructed, we take the limit Q = lim n >o P n in the 
category of complexes of left B-modules. In fact, we have an explicit description of 
it: 

.— 2 j— 1 

Q : . . . -> P2 2 — ^ Pf 1 P ° >- ^ . . . 

Note that the maps Q — > P n , n > 0, are quasi-isomorphisms, because for each 
i < the map Q l n+ i — > Q,\ is the identity for all n > —i. In particular, Q is a right 
bounded complex of finitely generated left B-modulcs which is quasi-isomorphic to 
Po, and so quasi-isomorphic to T. 

Let us construct the sequence of quasi-isomorphisms. Let n > and suppose 
the sequence 

"n-1 " n-2 • ■ • 

has been already defined. Put X = P n _i for simplicity. Taking stupid truncations, 
the induction hypothesis says that cr-~ n+1 X is a perfect complex. Considering the 
triangle 

a >-n+i x ^ a^- n X -> Scr^- n+1 X, 
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we get the following morphism of triangles in the derived category of left B- modules: 



B< 



1b v-~ n+1 X 



B c 



B a 



I 

x a 



(a-- n X) a 



Since the implication 1) =4> 2) of this proposition has been already proved, we know 
that the leftmost vertical map is an isomorphism. On the other hand, since X is 
quasi-isomorphic to T, the central map is also an isomorphism in T>(B op ). Using 
the 5-Lemma we can prove that the rightmost vertical map is an isomorphism. In 
particular, we have isomorphisms 



B' 



^H- n (B a ® B <j^- n X) = 
= H- n (B a ®\ a^- n X)^ 
Si H- n ((a^- n X) a ) Si 
= H- n ((a^-' n X)) a 

for each cardinal a, which implies that 

H- n ((a^- n X)) = coker^-™- 1 -> X~ n ) 

is a finitely presented left i?-module. We can now construct a quasi-isomorphism 

g-Y^x 

where Y l = X 1 and g l = 1 for — n+1 < i < 0, the left _B-modulc Y l is projective for 
each i < 0, and Y ~ n is finitely generated. Indeed, we fix an epimorphism p : Y~ n — > 
H~ n X with Y~ n finitely generated projective, and take a lift / : Y~ n — > X~ n : 

y—n 



X' 



x~ 





-P 9- 







■ x- n+1 



B -n H- n X 

Consider now the following commutative diagram with bicartcsian squares 

M ^ f~ l (B- n f /- x (^- n )C >■ Y~ n 

J 

X -n-l ^ B -nQ ^ Z -nt ^ 

Since 



Z~ 



ker^-™" 1 ) S ker(M -> Z -1 ^ - ")) 
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we get another bicartesian square 



Z 



-n-l 



Y 



Z -n-lc 



M 



where e is an epimorphism and Y 
assembled in a commutative diagram 



-n-i 



is projective. All this information get 




M 



Z 



n-l 




f 



1 



X 



-n-l 



x- 



X-n+l 



It is clear how to continue taking pullbacks and going to the left in order to construct 
the desired quasi-isomorphism We then put P n = Y and /„ = g. 
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